1 A Brief Introduction to the Mathematics of
Chess Puzzles

Puzzles on the chessboard have long been studied by mathematicians. Nat-
urally, we do not restrict ourselves only to the standard 8 x 8 chessboard. Gen-
eralizations are quickly made to the square board, the rectangular board, etc.
We will concentrate on three types of problems.

2 The Knight’s Tour

The closed knight’s tour of a chessboard is a classic problem in mathematics.
Can the knight use legal moves to visit every square on the board and return
to its starting position? When translated into graph theoretic terms, this is
equivalent to the existence of a Hamiltonian cycle. The unique movement of
the knight makes a tour an interesting existence problem. For other chess
pieces, tours are a trivial existence problem.

Moves of the Knight



A Closed Knight’s Tour of the 8 x 8 Chessboard

While originally studied for the standard board, the problem is easily gen-
eralized to rectangular boards.
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A Closed Knight’s Tour of the 3 x 10 Chessboard
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A Closed Knight’s Tour of the 5 x 6
Chessboard

In 1991 Schwenk [1] completely answered the question: Which rectangular
chessboards have a knight’s tour?

Theorem 1 (Schwenk) Anmxn chessboard with m < n has a closed knight’s
tour unless one or more of the following three conditions hold:

(a) m and n are both odd
(b) m € {1,2,4};
(¢) m=3and n € {4,6,8}.

Clearly, no tours can exist for the or boards.
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For the 3 x 4 board consider the squares with only two possible moves.
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The 3 x 4 Chessboard




Use of these squares forms two closed cycles and no closed tour may exist.
The cases for the 3 x 6 and 3 X 8 boards are similar and left as an exercise.

For m and n both odd note that a legal move for a knight whose initial
position is a white square will always result in an ending position on a black
square and vice-versa. Hence, every graph representing the legal moves of a
knight is bipartite.

A necessary condition for the existence of a Hamiltonian cycle in a bipartite
graph G = (X UY, E) is that | X| = |Y|. However if m and n are both odd then
there will exist an odd number of squares on the board and the number of black
squares will not equal the number of white squares. Thus, no closed tour can
exist.

For 4 x n boards we will use a different coloring of the board.

Coloring the 4 x n Chessboard

Note that a knight must move from a red square to a yellow square and a
knight must move from a purple square to a green square. Two closed cycles
are now forced and no closed tour exists for the 4 x n board.

This covers all the rectangular boards that do not admit a closed tour.

Proof of the existence of a tour of all other boards is by induction. Con-
structions are provided that yield a tour for all other boards.

For example a closed 3 x 10 tour and an open 3 x 4 tour are used to construct
a closed 3 x 14 tour.
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Constructing a Closed Knight’s Tour of the 3 x 14
Chessboard

3 The Domination Problem

Given an n X n board, find the domination number, which is the minimum
number of queens (or other pieces) needed to attack or occupy every square.
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Domination of the 8 x 8 Chessboard
with 5 Queens
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n 20 21 22 23 24 25
v(Qn) | 100r 11 | 11 | 11 or 12 | 12 | 12 0or 13 | 13
Known Domination Numbers

4 The Independence Problem

The eight queens puzzle is the problem of putting eight chess queens on an
8 x 8 chessboard such that none of them is able to capture any other using
the standard chess queen’s moves. The colour of the queens is meaningless in
this puzzle, and any queen is assumed to be able to attack any other. Thus, a
solution requires that no two queens share the same row, column, or diagonal.
The eight queens puzzle is an example of the more general n queens puzzle of
placing n queens on an n x n chessboard.
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Eight non-taking Queens on
the 8 x 8 Chessboard

For n > 4, there always exists an arrangement of n queens on an n xn board.
The proof of this fact provides constructions for the different types of boards.
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