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1. INTRODUCTION

The interplay between the nonlinear optical effects and linear-
optical diffraction and dispersion of an intense laser pulse leads
to filamentation, whereby the pulse tends to exhibit quasi-cyclic
spatial collapse-expand-collapse behavior [1]. This spatial char-
acter arises from the competition between Kerr self-focusing
and the defocusing due to both beam diffraction and the neg-
ative index modulation associated with an ionized medium [2].
The phenomenon is also subject to temporal reshaping due
to linear dispersion and dispersion due to self-phase modula-
tion, contributing to additional pulse dynamics such as pulse-
splitting [3]. These and other nonlinear optical effects have been
studied extensively for decades [4–7].

For good reason, filamentation is commonly studied for
the case of the ubiquitous Gaussian beam shape with a sim-
ple pulse shape in time, and simple spatial phase that corre-
sponds to standard focusing optics. Numerous studies have
explored material modification and damage in transparent di-
electrics due to such femtosecond pulses [8–15]. More recent
studies have explored less traditional pulses that approximate
Airy or Bessel spatial profiles, Airy time shapes, or some combi-
nation of these [16–20]. These waveforms are of interest because
of their self-healing and/or non-diffracting properties. Bessel
beams, in particular, have been studied for the purpose of ex-
tending filaments and/or material modification sites [21–23].

Another facilitator of novel laser applications is obtained
from spatially chirped pulses. For example, by angularly dis-
persing the frequency components of a laser pulse (via diffrac-
tion gratings, for example), and recombining them gradually
(using a lens, for example), the Fourier limits of spatial and
temporal compression may be synchronized at a target (the fo-
cus of the lens, for example). This is called simultaneous space-
time focusing (SSTF) [24, 25] and has been used to control and
shorten the extent of a high-intensity focal region, thus sup-
pressing out-of-focus nonlinear optical effects [26–30]. This con-
trol has led to applications of SSTF laser writing on the back
surface of fused silica samples [31], the demonstration of non-
reciprocal laser writing in fused quartz [32], and better control
over tissue ablation in the context of laser surgery [33].

The use of concentric-circle gratings for detection of planar
displacements in the context of microlithography dates back
20 years [34] and is still developing [35]. Recently, concentric-
circle gratings have been used to achieve superresolution imag-
ing [36]. Electron beam lithography may be used with preci-
sion much better than 0.5 µm to fabricate circular Dammann
gratings, which are concentric-circle gratings with variable
pitch [37, 38]. In addition, femtosecond pulse-induced form
birefringence [39] has been used to fabricate Fresnel zone plates
with rings as narrow as 6.4 µm [40]. These advances speak not
only to the technological viability of using concentric gratings,
but also to the relevance of current research on novel schemes
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Fig. 1. Schematic of the simulated SSTF system comprising two
concentric gratings G1 and G2 with ring spacing d = 10 µm and
a lens of focal length f = 200 mm.

for the laser machining of solids.

Theoretical treatments of SSTF are often concerned mainly
with the Fourier synthesis of the pulse as it propagates. The
propagation is treated linearly because Fourier superposition is
linear, and optical nonlinearities are effectively confined to the
focal region. However, an investigation concerned with the mi-
croscopic, quantitative details of the material modification and
pulse evolution at the focus requires inclusion of the nonlinear
contributions to propagation.

In this paper, we numerically investigate radially-chirped
annular beams via simulated propagation of time-chirped fem-
tosecond pulses through the optical system shown in Fig. 1.
This system consists of an ordinary lens preceded by a pair
of concentric gratings. By dispersing the spectral content of
the input pulse into all 2π radians of the transverse plane, the
temporal defocusing between gratings is accompanied by ra-
dial spatial spreading, as opposed to spatial spreading along
a line in the transverse plane as in standard SSTF via linear
gratings. In this way, the gradient of the peak intensity of the
space-time-focusing pulse after the lens is increased relative to
standard SSTF via linear gratings (all other things being equal).
The highly nonlinear focusing of this annular pulse may be
expected to produce space-time-evolution that deviates signifi-
cantly from established results for Bessel-like beam shapes. We
first specify and briefly describe the spectral numerical propa-
gation formalism used in this paper. Second, we present and
interpret a model for concentric gratings suited to the spectral
propagation code. Next, we establish a basis for our study of an-
nular SSTF in fused silica in terms of annular SSTF in vacuum.
Finally, we present an investigation of the evolution of annular
SSTF pulses and the associated plasma-induced material mod-
ification in fused silica for various pulse energies and shapes,
the latter of which is tuned by the time-chirp of the input pulse.

2. THEORETICAL FORMALISM

A. Propagation Scheme

We numerically investigate simultaneous space-time focusing
(SSTF) of radially-chirped annular beams corresponding to the
system shown in Fig. 1. Our simulations compute the laser
pulse propagation in the retarded-time reference frame by nu-
merically solving the unidirectional pulse propagation equa-
tion (UPPE) in cylindrical coordinates [41]:

∂zE (k⊥, ω, z) = ikz E (k⊥, ω, z) +

+
i ω2

2ǫ0c2kz
PNL(k⊥, ω, z)−

ω

2ǫ0c2kz
J(k⊥, ω, z).

(1)

Here, kz =
√

k2(ω)− k2
⊥ is the z-component of the wave vec-

tor with magnitude k(ω) = n(ω)ω/c, ǫ0 is the permittivity of
free space, and the complex electric field array E(k⊥, ω, z) is
stored at discrete spatial frequencies k⊥ and angular frequen-
cies ω. This non-paraxial spectral propagation scheme pos-
sesses the feature that linear propagation is exact within the
limits of the accuracy of the linear refractive index n(ω) and
the unidirectional approximation [42]. The evolution equa-
tion for spectral amplitudes A, related to E by E(k⊥, ω, z) =
exp(ikzz)A(k⊥, ω, z), is a set of ordinary differential equations,
which we solve using a fourth-order Runge-Kutta library with
adaptive stepping capabilities.

During each z step, inverse spectral transforms take
E(k⊥, ω, z) from ω → t and from k⊥ → r to calculate the non-
linear source terms during each z step. The former is accom-
plished by a standard fast Fourier transform. In cylindrical coor-
dinates the latter is accomplished via the Hankel transform [43–
45], which is performed by multiplication by a self-reciprocal
matrix (see Appendix A).

In the fused silica sample, we calculate the nonlinear po-
larization at a particular position (r- and z-dependence sup-
pressed) as

PNL(t) = 2n0ǫ0n2

[

(1 − α) I(t) + α
∫ t

−∞
R(t − τ)I(τ)dτ

]

E(t) ,

(2)
where I = 1

2 n0ǫ0c |E|2, n0 is the linear refractive index at the
pulse center frequency ω0, n2 is the nonlinear refractive in-
dex, and R(t) is the Raman response function with fraction
α = 0.18 [42]. The free current density J at each r is calculated
by integrating the following coupled equations during each z
step as described in [42]:

dJ

dt
+

J

τc
=

q2

m
ρE (3)

dρ

dt
= WPI(|E|)

(

1 −
ρ

ρn

)

+ Waval(I)ρ (4)

Here, ρ is the density of free charge carriers, Waval = σI/Eg

is the ionization rate due to avalanching, σ = q2/ (ǫ0n0mc) ×
τc/

(

1 + ω2
0τ2

c

)

is the cross section for inverse bremsstrahlung,
WPI is the photoionization rate calculated from the Keldysh
model [46] as in [13], and all other parameters are defined in
Table 1. The maximum densities ρmax(r, z) reached during the
pulse time window are often regarded as a predictor in the con-
text of laser machining/material modification studies [13, 47].
Our calculations of these "ionization tracks" are shown in Sec-
tions 3 and 4.

These nonlinear source terms produce the rich collection of
effects that contribute to filamentation of intense laser pulses.
For the case of a carefully constructed spatially chirped pulse,
a band-limited, shortest-duration pulse is Fourier-synthesized
by virtue of the space-time overlap of the pulse frequency con-
tent at the focus. The distribution of optical energy in space
and time evolves toward the distribution that is maximally com-
pressed in both dimensions simultaneously, even in vacuum.
In the linear optical regime of bulk fused silica, the same can
be true as long as chromatic dispersion of the pulse spectrum
is corrected for in the construction of the initial pulse. The im-
pact of nonlinear propagation and plasma generation occurring
in such a system is the primary focus of this paper. Propaga-
tion between optical elements is assumed to be linear and is
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therefore accomplished by multiplying E(k⊥, ω, z) by the lin-
ear propagator exp(ikz∆z). Recall that kz is a function of ω and
k⊥. The optical components are treated as r- and ω-dependent
transformations that act on E(r, ω). Thus, propagation through
the system in Fig. 1 to the sample surface amounts to a sequence
of ∼ 7 non-commuting transformations that act on the pulse
field array. This simulation scheme is capable of capturing sub-
tle/realistic linear-optical effects that modify the pulse en route
to the sample surface, and accomodates a wide variety of in-
put pulses. The transformations for the optical components are
described in the following sections.

B. Preparation of the Incident Field

In the system shown in Fig. 1, a radially chirped collimated an-
nular beam is produced by a conjugating pair of concentric grat-
ings. To model the action of concentric gratings on pulses inci-
dent upon them, we devise a transformation for converting an
incident field to an output field corresponding to the mth diffrac-
tion order. This may be done for the case of a linear-groove grat-
ing by transforming into new spatial frequencies [48]. In Carte-
sian coordinates, and diffracting into the x-direction, for exam-
ple, this amounts to multiplying E(x, ω) by a phase whose argu-
ment is linear in x and linear in angular frequency ω. In cylin-
drical coordinates, manipulations via Hankel transform (HT)
are subject to the properties of the Bessel functions that form
its basis, and these functions do not factor as do exponentials.
We circumvent this feature of modeling the action of a concen-
tric grating on field data represented in cylindrical coordinates
by employing a generalized Hankel shift [49, 50]:

F (k|∆k) =
∫ ∞

0
f (r) J0(r∆k) J0(kr) r dr

= HT [ f (r) J0(r∆k) ]

(5)

Here, F (k|∆k) denotes the Hankel transform space representa-
tion of the function f (r) after a shift of its spatial frequencies
by ∆k. Using the self-reciprocal property of the Hankel trans-
form, the field E′(r, ω) after having been shifted to new spatial
frequencies k′⊥ = k⊥ + ∆k is

E′(r, ω) = HT [ E (k⊥, ω |∆k) ] = E(r, ω) J0(r∆k) . (6)

Here, ∆k = ∆k(ω) describes the angular dispersion imparted
by the concentric grating and remains to be specified.

Table 1. Parameters used in simulations.

Symbol Description Value Unit

n0 Linear refractive index 1.453

n2 Nonlinear ref. index 3.00 × 10−20 m2/W

Eg Band gap energy 9.00 eV

m Reduced e-hole mass 7.834 × 10−31 kg

τc Free electron coll. time 1.00 × 10−15 s

ρn Max. plasma density 2.20 × 1028 m−3

q Elementary charge 1.602 × 10−19 C

ǫ0 Vacuum permittivity 8.854 × 10−12 F/m

c Speed of light 2.998 × 108 m/s

We follow [48, 51] and expand the angular spread after the
grating ∆θ to first order in the incident angular spread ∆γ and
angular frequency shift ∆ω = ω − ω0:

∆θ = α ∆γ + β ∆ω , (7)

where the partial derivatives

α ≡
cos γ0

cos θ0
β ≡

−m λ2
0

2π d c cos θ0
(8)

are derived from the grating equation, with m and d denot-
ing the particular diffraction order and groove spacing, respec-
tively. The subscript 0 refers to a ray representing the path taken
by, and wavelength of, the center frequency ω0. In terms of
these angular spreads, the transverse components of the wave
vectors before and after the concentric grating are written as

k⊥ = k0 sin(γ0 + ∆γ) ≈ k0 (sin γ0 + cos γ0 ∆γ)

k′⊥ = k0 sin(θ0 + ∆θ) ≈ k0 (sin θ0 + cos θ0 ∆θ) .
(9)

This leads to

k′⊥ − k⊥ = ∆k(ω) =
2π m

d

(

2 −
ω

ω0

)

, (10)

where sines of the 0th-order ray angles have been eliminated
using the grating equation. We note that the preceding dis-
cussion bypasses a meticulous consideration of sign conven-
tions associated with the grating equation, often written as
sin γ + sin θ = mλ/d. See Ref. [52] for a concise statement of
these conventions.

Equations 6 and 10 constitute a concentric grating transfor-
mation useful for any incident field E(r, ω) (or E(k⊥, ω)) for
which the expansion in Eq. 7 is appropriate. Systems involving
higher harmonics that would not diffract into angles near θ0,
or those involving multiple crossed laser beams would require
suitable filtering/superpositions not described here. Through-
out this paper, we choose d = 10 µm and m = 1 in Eq. 10 to
correspond to the first conical diffraction order.

Taking the electric field incident upon concentric grating G1

to be a collimated beam apodized by a function A(r) with com-
plex spectrum S(ω), i.e, E(r, ω) = A(r) S(ω), the frequency
superposition

∫ ∞

−∞
E′(r, ω) exp(−iωt) dω has the form of an

apodized Bessel beam at z = 0 [53, 54]:

E′(r, t) =
∫ ∞

−∞
S(ω)A(r) J0(r∆k) e−iωt dω (11)

Thus, in its role as G1, the generalized Hankel shift pro-
duces an apodized frequency superposition of Bessel beams
with axicon angles varying with frequency ω according to
Eq. 10. In this paper we choose a Gaussian apodizing function
A(r) = exp

(

−r2/w2
)

. This corresponds to taking the spatial
beam profile of the pulse incident upon G1 to be a collimated
Gaussian with 1/e2 intensity width winc. Throughout this pa-
per, we choose winc = 2 mm. As for S(ω), we will generally
choose a simple Gaussian pulse specified in the time domain.
The pulse is then modified in the frequency domain to effect
a chirp in time prior to G1. This chirp will be varied for op-
timal space-time focusing of the annular pulse at the focus of
the lens. Throughout this paper , we choose center wavelength
λ0 = 800 nm and initial pulse width (FWHM of the intensity)
τ0 = 40 fs.

As the field given by Eq. 11 is propagated by the UPPE
method (with nonlinear source terms excluded to correspond
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Fig. 2. SSTF in vacuum of 1-µJ annular pulses arising
from radial chirp. (a) Tilted rω-spectrum just after G2.
(b)-(c) Normalized intensities at various z-positions (super-
posed). In each case, propagation distances as measured from
the f = 200 mm lens are 0 mm (top), 100 mm (middle), and
195 mm (bottom). (b) The initially bandwidth-limited 40 fs
pulse. Peak intensities (TW/m2) are 0.014 (top), 0.055 (middle),
and 25.0 (bottom). (c) The positively pre-chirped 365 fs pulse.
Peak intensities (TW/m2) are 0.11 (top), 0.45 (middle), and 190
(bottom). Dashed lines are a guide for the eye.

to linear-optical propagation), an annular spatial dependence
of the intensity develops as the pulse is angularly dispersed.
At the same time, radial spatial chirp develops and the rω-
spectrum tilts such that lower frequencies are concentrated in
the outer spatial wing and higher frequencies are pulled ra-
dially inward as the pulse approaches the z-position of G2.
Throughout this paper, we place G2 a distance 150 mm behind
G1.

At G2, the spatial frequencies are shifted back to correspond
to the collimated state by an additional application of the grat-
ing transformation Eqs. 6 and 10. However, bearing in mind
that J0(x) is an even function, the transformation produces a
pair of conical waves diffracted into either side of the incident
cone direction (m = 0). The mathematics here can be inter-
preted by analogy with the description of sum- and difference-
frequency generation in the context of elementary nonlin-
ear optics: The oscillations in r imparted to E(r, ω, zG1

) →
E′(r, ω, zG1

) at G1 by multiplication by J0(r∆k) essentially re-
tain their period as the annulus opens during propagation
along z. At G2, the multiplication is repeated, so that (suppress-
ing ω) the product J0(r∆k) E′(r, zG2

) acquires oscillatory behav-
ior ∼ cos(∆kr) exp(i(∆kr + φ)) = exp(i(2∆kr + φ)) + exp(iφ),
redistributing the energy into a component at k⊥ ∼ 0 ("the zero-
frequency signal") and a component at k⊥ ∼ 2∆k ("the second
harmonic signal"). The latter is easily filtered after a HT to
(k⊥, ω)-space for this purpose. Experimentally, this would cor-
respond to blocking the outer, non-collimated diffraction order.
After G2, the field represents the collimated, radially chirped,
annular pulse whose as of yet unspecified complex spectrum
S(ω) at the input of G1 is arbitrary as previously discussed with

respect to Eq. 7.
All propagation up to this point has been presumed linear.

The total pulse energy will be set before entering the nonlin-
ear sample, so as to correspond to a laboratory energy measure-
ment somewhere after the lens. Consideration of how the sin-
gle conical diffraction order should be scaled to satisfy conser-
vation of energy is therefore unnecessary. We note that a blaze
function B(k⊥) may be applied to E′(k⊥, ω) after each grating
to account for a dependence of grating efficiency on exit angle.
In this paper, we choose B(k⊥) = 1, corresponding to a grating
blaze that diffracts the pulse spectrum uniformly. We also note
that, while this paper models a conjugating pair of gratings, the
described approach is not limited to the use of equal groove
spacings d for each grating.

To simulate the action of an ordinary lens, the field E(r, ω) is
transformed at the z-position of the lens by multiplication by a
r- and ω-dependent phase (see Appendix B). This produces the
curved phase and pulse fronts of the field transmitted by the
lens, and accounts for spatially dependent group velocity dis-
persion and chromaticity of the lens to infinite dispersion order.
This field is then propagated to the sample location. Through-
out this paper, we choose a lens focal length of 200 mm, and
place the sample surface 150 mm from the lens position.

SSTF of a broadband pulse occurs, even in vacuum, pro-
vided the frequency components are properly arranged in
space and time. Figure 2 shows a preliminary illustration of
SSTF, where two 1-µJ pulse intensities are plotted for vari-
ous z-positions between the lens and its geometric focus. Fig-
ure 2 (a) shows the shift in pulse spectrum vs. radius for the
pulse at the lens position. Figure 2 (b) shows an initially
unchirped 40 fs pulse as it focuses after traversing the sys-
tem shown in Fig. 1. In Fig. 2 (c), the initial pulse has had a
phase exp(ib2(ω − ω0)

2), with b2 = 2618 fs2, applied to E(r, ω)
prior to the first grating to correspond to the output of a stan-
dard pulse stretching device. This positively chirps the original
pulse in time from τ0 = 40 fs to τ0 = 365 fs without changing
its frequency content and effectively pre-compensates for the
optical path difference of its frequencies between G1 and G2.
This parameter will be referred to as the "pre-chirp". For this
case (Fig. 2 (c)), the collimated annulus after G2 is essentially
time-compressed (not shown). The radially-dependent optical
path constituted by the lens spreads energy out in time as it di-
rects it toward the focal point. Subsequently, a near-bandwidth-
limited 43.75 fs pulse is gradually Fourier-synthesized by virtue
of the increasing spatial overlap of its spectral content as it ap-
proaches the focus. What matters most is that the z-gradient
of the optical power density may be increased significantly rel-
ative to ordinary spatial focusing provided an appropriately
tuned pre-chirp, and that material dispersion is not required
for this to occur.

On the other hand, if a dispersive sample is placed at a sam-
ple position appropriate for bulk material modification, linear
dispersion may be compensated by adjusting the pre-chirp. As-
suming normal dispersion is to be compensated for in the sam-
ple, decreasing the pre-chirp under-compensates for the path
differences between gratings resulting in a collimated annulus
after G2 that is not time-compressed, as contrasted with the sit-
uation previously discussed and shown in Fig. 2 (c). In other
words, such pulses prepared for modification in the bulk have
intensity distributions that tend toward those in Fig. 2 (b), yet
are maximally space- and time-compressed at focus by con-
struction, at least in the regime of linear optics. It follows that
linear dispersion occurring during the approach to a focus in
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Fig. 3. Progression of the intensity (TW/cm2), as 0.7-µJ
pulses pass through their nonlinear focus. Left column: Case
GB. Right column: Case RCA with b2 = 1100 fs2 (τ0 = 158 fs).
z-positions as measured from the sample surface are (a) 10 mm,
(b) 72.65 mm, (c) 73.35 mm, (d) 10 mm, (e) 72.15 mm,
(f) 72.90 mm.

the bulk of the sample enhances the z-gradient of the optical
power density of a properly pre-chirped pulse. However, non-
linear optical processes play an increasing role in the propa-
gation as the pulse annulus closes on itself and compresses in
space as well as time. This may be expected to lead to filamen-
tation characterized by dynamics and features distinct from the
filamentation of more standard ultrashort laser sources. The
next section describes simulations of the filamentation of radi-
ally chirped annular pulses in bulk fused silica and the resulting
ionization tracks that are used as a metric for material modifica-
tion and/or damage.

3. NUMERICAL SIMULATIONS

In these simulations, the pulse transmitted by the lens is first
vacuum-propagated to the sample surface. As discussed above,
the parameter b2 may be modified for optimal SSTF to account
for dispersion occurring as the pulse travels from the sample
surface to the focal region. Since the inter-grating path differ-
ence corresponds to negative dispersion, and since fused sil-
ica exhibits normal dispersion in the chosen wavelength region,
the positive parameter b2 should be set < 2618 fs2 (the value
that yielded optimal SSTF in vacuum), depending on focal re-
gion depth.

We place the sample surface 50 mm in front of the geometric

Fig. 4. Ionization tracks from 0.7-µJ pulses corresponding to
the two simulations depicted in Fig. 3. (a) Case GB. (b) Case
RCA with b2 = 1100 fs2 (τ0 = 158 fs). The color map is set by
the peak of the RCA data.

focus of the lens. This rather large depth was chosen in order to
provide a clear picture of SSTF entirely within the sample, and
devoid of sudden, though physically realistic, spikes in the Kerr
nonlinearity at the sample surface. Similar depths have been in-
vestigated in the context of back-surface material modification
studies [31]. In a preliminary investigation we find that, if all
nonlinearities are neglected (switched off), then the space-time-
focusing annular pulse is essentially fully time-compressed at
the linear focus for b2 = 1100 fs2, which corresponds to an inci-
dent pulse positively time-chirped to τ0 = 158 fs. We focus our
attention on the energy regime relevant to laser machining of
dielectrics, which is on the order of 10−6 J.

We will refer to the Radially Chirped Annulus resulting from
simulated propagation through the system in Fig. 1 as RCA.
We use as a reference for comparison an ordinary Gaussian
Beam with equal numerical aperture, referred to as GB. For
the latter, the corresponding electric field at the sample surface
is constructed by backwards-propagating the field at the vac-
uum focus back to the z-position of the sample surface. This
corresponds to optimized GB focusing by an achromatic dou-
blet. The result is then propagated forward in the fused silica
sample toward the nonlinear focus. We define the numerical
aperture of the RCA as r0/ f , where r0 = 11.834 mm is the ra-
dial position of the intensity peak of the RCA immediately af-
ter the lens transformation. Equating this with λ0/πw0 for the
GB yields a beam waist w0 = 4.304 µm. The numerical aperture
used throughout this paper is ∼ 0.06.

Here, it is useful to point out a few of the spatial character-
istics of these pulses: As an annular intensity distribution is
focused by a lens, its off-axis spatial width shrinks as it closes
onto the propagation axis. In other words, "the ring gets thin-
ner" as it "gets smaller". This is to be contrasted with a Gaussian
beam, whose intensity maximum is always on-axis. Addition-
ally, the GB possesses the feature that the underlying (linear-
optical) spatial distributions have the same form in each Fourier
plane. In other words, the spatial Fourier transform of a Gaus-
sian is another Gaussian. By contrast, an annular intensity dis-
tribution becomes a Bessel-like distribution in the focal region.
While these features will be perturbed significantly by optical
nonlinearities, it is instructive to note that these distinctions are
linear in nature from the start.
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Fig. 5. The pulse beyond the nonlinear focus (z = 72.90 mm)
for the 0.7-µJ RCA with b2 = 1100 fs2 (τ0 = 158 fs). This pulse
is also represented in Fig. 3-f. In each log plot, color maps range
down to a factor of 10−6 of the peak. (a) The log of the intensity
(W/m2) in rt-space. (b) Normalized intensity (inset), and the
log of the normalized intensity in k⊥ω-space. The progression
of this spectrum during propagation through the nonlinear fo-
cus is depicted in Visualization 1 (see Supplementary Material).

4. RESULTS

We first consider the case of a 0.7-µJ RCA constructed using
b2 = 1100 fs2 (τ0 = 158 fs), and compare it with a GB with pulse
width τ0 = 40 fs and equal energy. The latter corresponds to a
pulse that has bypassed the stretching device corresponding to
b2, and with the grating pair replaced by a reflective telescope
that increases the 1/e2 beam radius w by a factor of ∼ 6.

Figure 3 depicts the progression of the pulse intensity in rt-
space for GB and RCA. Each three-pane sequence shows the
pulse at z-positions "before, during, and after" the nonlinear fo-
cus, which occurs at different locations for reasons described
below. Here, "after" was chosen to be 650 µm beyond the peak
free carrier density for each case. Note that radius and time
axes may vary from pane to pane in this figure.

We now describe the GB case. Panes (a)-(c) of Fig. 3 show
the well-known pulse splitting that occurs in the focal region
as plasma is generated and filamentation occurs [1, 3]. The free
carrier-induced refractive index decrease arrests the spatial col-
lapse due to Kerr self-focusing, and energy local to the early-
time pulse wing is temporally advanced in the retarded frame.
At the same z-position, energy in the late-time pulse wing par-
tially diffracts away from the propagation axis, but remains suf-
ficiently intense for subsequent Kerr re-focusing. For higher
pulse energies, these effects occur before the entire spatial ex-
tent of the pulse reaches the filament. The net effect is that the
front of the pulse partially shears apart from its temporal rear.
The quasi-stable balance of Kerr, plasma, and ordinary beam
diffraction effects is thus accompanied by the establishment of
an intensity distribution with multiple maxima in time.

Panes (d)-(f) of Fig. 3 depict the analogous progression of
the RCA. As the pulse approaches the focus, its off-axis spatial
width, and owing to SSTF its time width, decrease as the annu-
lus closes onto the propagation axis. In other words, the dis-
tribution in Fig. 3 (d) becomes narrower in both r and t dimen-
sions as energy converges on r = 0. In the nonlinear focus, Kerr
nonlinearity distorts the outer rings of the Bessel-like distribu-
tion and its central maximum, where appreciable plasma gen-
eration is essentially confined for this 0.7-µJ case. The process
of filamentation thus develops as a complex interplay between
free-carrier-induced time-advance of on-axis energy, Kerr re-
focusing, and deposition of additional energy to the propaga-
tion axis from the distorted spatial wing.

Shown in Fig. 4 are ionization tracks resulting from the 0.7-µJ
GB and RCA simulations of Fig. 3. The peak free carrier density
produced by the RCA is seen to be larger than that of the GB
by a factor of ∼ 2. In addition, the RCA track is more struc-
tured, and has a more localized peak structure, which occurs
at z ∼ 72.2 mm. Taking the free carrier density as a measure,
the RCA is seen to come to a nonlinear focus earlier than the
GB. We attribute this shift to the working definition chosen for
numerical aperture of the RCA. In other words, lacking a pre-
cise definition for the case of a focusing annulus, the correspon-
dence between its numerical aperture and that of a Gaussian
beam is expected to be imperfect. It is to this ambiguity that we
attribute the discrepancy between nonlinear focus depths.

Shown in Fig. 5 are logarithmic intensities corresponding to
Fig. 3 (f) represented in real space ((r, t) - pane (a)) and spec-
tral domains ((k⊥, ω) - pane (b)). Note that the k⊥ω-spectrum
has been normalized for simplicity. Also, shown in the inset of
Fig. 5 (b), is the same k⊥ω-spectrum on a linear scale. Before
the nonlinear focus, the k⊥ω-spectrum is concentrated around
a point where k⊥ ∼ 0.5 rad/µm. In other words, the focusing
annulus contains no energy traveling parallel to the propaga-
tion axis, which is to be contrasted with the GB case. This at-
tribute may be inferred from Visualization 1, which shows how
the k⊥ω-spectrum of Fig. 5 (b) develops during propagation
from z = 71.50 mm to z = 73.00 mm (see Supplementary Mate-
rial). Note that all spectra in this animation are normalized to
the peak of the first frame: I(k⊥, ω) at z = 71.50 mm. The in-
set of Fig. 5 (b) shows that, as nonlinear effects occur, energy is
partially diffracted away, but to a greater extent spreads toward
k⊥ = 0, corresponding to pulse energy that is redirected paral-
lel to the propagation axis. In other words, the conical, inward-
directed pulse is partially drawn into a filament. Subsequently,
the on-axis plasma locally defocuses the converging annulus,
diffracting energy into non-annular, Gaussian-like pulse fronts
(see Fig. 5 (a) with a mind to Fig. 3 (a)). In addition, Fig. 5 (b)
shows that energy is also distributed to higher frequency com-
ponents by the plasma. Kerr self-phase modulation indeed
broadens the pulse spectrum as its intensity increases, but it
does so more symmetrically. Components beyond ∼ 4 rad/fs
are purely attributable to plasma-induced spectral blueshift-
ing [55].

The morphology of maximum free carrier densities, i.e. ion-
ization tracks, is expected to depend on incident pulse energy
and pre-chirp, since these quantities affect the space and time
shape of a pulse as it approaches the nonlinear focus, and there-
fore, how the light-matter dynamics unfold there. In this study,
we hold constant the parameters that would affect the degree
of radial chirp (e.g. winc, incident pulse spectral width, grating
attributes, etc.), as well as the numerical aperture of the focus-
ing geometry. We thus restrict this study to a two-dimensional
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Fig. 6. Ionization tracks from pulses with various pre-chirp
and energy. Each three-plot sequence of free carrier den-
sities ρmax(r, z) corresponds to the sequence of pulse ener-
gies: 0.9 µJ, 0.7 µJ, 0.5 µJ. Each color map is set by the peak
of the 0.9-µJ data. (a)-(c) GB with τ0 = 40 fs. (d)-(f) RCA
with b2 = 1700 fs2 (τ0 = 239 fs). (g)-(i) RCA with b2 = 1100 fs2

(τ0 = 158 fs). (j)-(l) RCA with b2 = 900 fs2 (τ0 = 131 fs). Note
that for case (h), the color map is saturated on-axis at z ∼ 72.2
(displayed as white), where ρmax reaches a peak value of
4.53 × 1026 m−3.

parameter space with dimensions of 1) pulse energy and 2) pre-
chirp value.

Shown in Fig. 6 are ionization tracks from RCA pulses with
various pre-chirp and energy, with GB results for comparison.
Each three-plot sequence of free carrier densities ρmax(r, z) cor-
responds to the sequence of pulse energies: 0.9 µJ, 0.7 µJ, 0.5 µJ.
The three pre-chirps in terms of b2 are 1700 fs2 (panes (d)-(f)),
1100 fs2 (panes (g)-(i)), and 900 fs2 (panes (j)-(l)). These data
reflect the oscillatory nature of energy deposition to the prop-
agation axis and the dependence of track morphology on the
relative coincidence of temporal and spatial foci in the presence
of optical nonlinearities, and in the context of this focusing ge-
ometry (numerical aperture, winc).

The pre-chirp parameter adds an additional control over
how the filament develops via SSTF, Kerr and plasma nonlin-
earities, etc. It has been shown that this parameter affects the
longitudinal tilt out of the transverse plane of the intensity dis-
tribution at the focus in SSTF systems [28, 29]. In our simula-
tions we find that, as the Bessel-like distribution develops in
the focal region (prior to the onset of strong nonlinear effects),
the longitudinal dependence of its spatial wing is likewise pre-
chirp-dependent (data not shown), with lower pre-chirps pro-
ducing a spatial wing lagged slightly in time relative to larger
pre-chirps. Thus, in addition to controlling the overall pulse du-
ration in the focal region, the pre-chirp affects the longitudinal
arrangement of energy as it is deposited to the r = 0 symme-
try axis during the nonlinear focusing. As a result, varying the
pre-chirp has a significant effect on the morphology of ioniza-
tion tracks. A case in point is shown in pane (h). Here, the
color map is set by the data in pane (g), and is saturated in pane
(h). This means that, despite an energy decrease by 22.2%, and
having a common pre-chirp, the peak of ρmax(r, z) increases by
10%. This counterintuitive result points to a non-trivial abstract
surface in the energy/pre-chirp parameter space. Following a
curved path in this parameter space that corresponds to, for ex-
ample, the Fig. 6 pane sequence (e) → (i) → (k), the morphology
transitions from one more similar to the GB result in pane (c) to
a morphology approaching what would be expected from a typ-
ical Bessel-Gauss beam. Bessel-Gauss beams are characterized
by better localization in r but delocalization in z [23]. Interme-
diate between these two points is a result (pane (i)) with peak
structure that is well-localized in both r and z. To reiterate: As
the pre-chirp parameter is swept past that value which gave op-
timal SSTF in a linear simulation (nonlinearities switched off),
the ionization track acquires an all-around better-localized peak
structure provided the energy is decreased by ∼ 25%. These
features indicate that variable space-time focusing of radially
chirped femtosecond pulses may provide a useful addition to
the laser materials processing toolbox.

5. DISCUSSION

We now examine a special case in more detail by further com-
paring the 0.5-µJ RCA with b2 = 1100 fs2 (τ0 = 158 fs) with its
GB counterpart. While the case of the 0.5-µJ GB is completely
analogous to and effectively summarized by Fig. 3 panes (a)-(c),
the RCA dynamics are more complex. The pulse development
during propagation from z = 71.80 mm to z = 72.55 mm is de-
picted in Visualization 2 (see Supplementary Material), which
animates the rt-space intensity associated with the ionization
track shown in Fig. 8 (b). We note that, in this animation, inten-
sity values in excess of 50 TW/cm2 saturate the color map (dis-
played as white), with intensity reaching a peak of 128 TW/cm2



Research Article Journal of the Optical Society of America B 8

Fig. 7. Wigner-Ville distributions of the on-axis electric field for
the RCA at z = 72.27 mm corresponding to Fig. 8 (b), and the
GB corresponding to Fig. 8 (a) at z = 72.70 mm (inset).

at z = 72.26 mm. A notable feature of this progression is the di-
rection of the temporal migration of the on-axis intensity spike
during the strongest ionization: it is lagged as opposed to ad-
vanced as in the GB case.

Further insight may be gained from time-frequency repre-
sentations of particular on-axis fields. The Wigner-Ville distri-
bution is the following time-frequency representation of an iso-
lated wave packet (pulse):

W(t, ω) =
∫ ∞

−∞
E(t +

τ

2
) E∗(t −

τ

2
) e−iωτ dτ , (12)

where E(t) is the analytic signal that can be constructed in prac-
tice from a real waveform by Fourier transforming, zeroing the
negative frequency components, and inverse Fourier transform-
ing. We note that this distribution is unique in that it does not
involve a choice of gate function, is efficiently computed us-
ing Fourier transforms, and retains the property that time- and
frequency-marginals give immediately the time-domain and
spectral intensities, respectively [57, 58]. In other words, not
only is the time-arrangement of frequencies revealed in such a
way that wave-optical interference is preserved, but to the ex-
tent that an image plot can be integrated at a glance, exact time-
domain and spectral intensities are represented, unsullied by
any of the averaging/convolution procedures commonly em-
ployed in the context of time-frequency analysis.

As the action of the current density J(r, t) is essentially con-
fined on-axis, we calculate the Wigner-Ville distribution of on-
axis electric fields for particular z-positions to provide insight
into the plasma blue-shifting, which is pronounced in the RCA
case and follows established trends with respect to dependence
on pulse energy (see Fig. 3 in Ref. [55]). Shown in Fig. 7 are
Wigner-Ville representations of the on-axis electric fields for
cases GB (inset) and RCA. These data show that a plasma blue-
shift to ∼ 2.5 ω0 arises late in the pulse development, which
is early in terms of the current density development. This fre-
quency shift is a signature of a free carrier density that spikes
abruptly in time [56]. In addition, these shifted components are
on the order of 10−3 of the peak spectral intensity. Therefore,
experimental detection is feasible. In Fig. 8, the corresponding
ionization tracks are compared. The RCA case is characterized
by a more structured plasma channel. It possesses a peak struc-
ture that is arguably subwavelength in the radial dimension,
and is better localized overall as compared with the GB case.

Fig. 8. Closer comparison of 0.5-µJ ionization tracks for (a) GB
with τ0 = 40 fs and (b) RCA with b2 = 1100 fs2 (τ0 = 158 fs).
The color map is set by the peak of the RCA data. Dashed lines
indicate the positions corresponding to Wigner-Ville distribu-
tions shown in Fig. 7. The rt-space intensity development asso-
ciated with the track in pane (b) is depicted in Visualization 2
(see Supplementary Material).

6. CONCLUSIONS

We present a model for the action of concentric gratings on laser
pulses and numerically propagate the space-time-focusing field
resulting from propagation through a conjugating pair of these
gratings in fused silica glass. These simulations reveal the im-
pact of familiar dynamical pulse propagation effects on the fo-
cusing of these unconventional pulses, and suggest novel ap-
proaches to laser machining of solids. In particular, ionization
tracks in the bulk show more localized (sub-micron) ioniza-
tion peaks when compared to those of a Gaussian pulse of the
same energy and numerical aperture. We note that the numer-
ical aperture used in this paper was chosen as a compromise
between computational size constraints and the tight-focusing
conditions common to laser machining. Similarly, the degree of
radial chirp is limited by our choice of annulus size, and could
be increased significantly in the laboratory. SSTF is not, in it-
self, a singular result of light-matter interactions but rather is a
fundamental wave propagation phenomenon that happens to
be useful for the tailoring of optical effects in matter. Therefore,
we expect that our results may be extrapolated to larger radial
chirps and the larger numerical apertures that often occur in the
context of laser micro- and nano-machining.

APPENDIX A: HANKEL TRANSFORM

In cylindrical coordinates the transform E(k⊥, t)
HT
−→ E(r, t) is

accomplished via the discrete Hankel transform [43–45]:

Hij =
2

αN+1

J0

(

αiαj/αN+1

)

J2
1

(

αj

) . (13)

In other words,

E [ r[i], t ] =
N

∑
j=1

Hij E [ k⊥[j], t ] . (14)

Here, αi is the ith zero of the Bessel function J0 and N is the size
of arrays r[i] = Rmax

αi
αN+1

and k⊥[j] =
αj

Rmax
to which the electric

field array is referenced. The matrix Hij is self-reciprocal for
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large N, so that the inverse transform is performed by multi-
plication by the same matrix. We note that the above discrete
transform is symmetrized for a numerical algorithm in which
the scaling between forward and backward transforms cancels.
The transforms that maintain Parseval’s relation are:

f [i] =
αN+1

R2
max

N

∑
j=1

Hij F0[j]

F0[j] =
R2

max

αN+1

N

∑
i=1

Hji f [i].

(15)

APPENDIX B: LENS TRANSFORMATION

The lens is inserted into the beam path at a particular z-position
by multiplying the field at that z-position E(r, ω) by the phase

exp
{

i
ω

c
[n(ω)L(r) + (d0 − L(r))]

}

(16)

with lens thickness function L(r) = d0 −
r2

2

(

1
R1

− 1
R2

)

to corre-

spond to a thin lens approximation [48]. Here, d0 is the lens cen-
ter thickness, n(ω) is the frequency dependent refractive index
of the lens material as described by a Sellmeier equation, Ri are
the radii of curvature, and the surrounding medium is treated
as vacuum. The lens material used in this paper is fused silica,
with linear losses and all nonlinearities are neglected. A simple
biconvex lens of nominal focal length f is obtained by setting
R1 = −R2 = 2 f (n0 − 1), where n0 is the refractive index at the
pulse center frequency. The phase quadratic in r and roughly
linear in ω produces the curved phase and pulse fronts of the
field transmitted by the lens. Spatially dependent group veloc-
ity dispersion and chromaticity of the lens are thus accounted
for to infinite dispersion order.

We note that, as a practical consideration, a compensating

phase exp
{

−i ω
vg

L(r0)
}

, must be applied during this transfor-

mation to shift the entire waveform in time and thus keep the
pulse centered in the retarded time frame window. Here, r0

is approximately equal to the transverse position of the spatial

component to be kept centered, and vg =

(

dk
dω

∣

∣

∣

ω0

)−1

is the

group velocity of the pulse in the lens material. For a typical
on-axis intensity distribution, r0 would be taken to be 0, but
this is not the case for an annular spatial distribution.
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