April 11 Math 1190 sec. 63 Spring 2017

Section 5.2: The Definite Integral

Definition (Definite Integral)
Let f be defined on an interval [a, b]. Let

Xo=a<xg <Xo<--<Xp=Db

be any partition of [a, b], and {cy, ¢z, ..., Cn} be any set of sample
points. Then the definite integral of f from a to b is denoted and
defined by

b n
/ fx)dx = lim 3" (c)Ax,
a i

provided this limit exists. Here, the limit is taken over all possible
partitions of [a, b].
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Important Remarks
(1) If the integral does exist, it is a number. That is, it does not depend
on the dummy variable of integration. The following are equivalent.

/abf(x)dx:/abf(t)dt:/abf(q)dq

(2) If f is positive and continuous on [a, b], then
b
/ f(x) dx = the area under the curve.
a
(3) If f is piecewise continuous enclosing region(s) of total area A4

above the x-axis and enclosing region(s) of total area A> below the
x-axis, then

b
/ f(X)dX: A1 —A2
a
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For Example...

1

1
Figure: f: f(x) dx = area of gray region — area of yellow region
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Example oD
Consider the graph of y = f(x) shown. ) ;z\o\ 1
.
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Example
Use the graph on the preceding page to evaluate each integral.

7
| fodx= 3433

(1)

3

P\\*P‘L, P\Z'»

9
fx)dx= -4
7 (B )
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Question

Use the graph to evaluate f(x) dx
0

y=f@m | | | | @s

(c) -2
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Important Theorems:

Theorem: If f is continuous on [a, b] or has only finitely many jump
discontinuities on [a, b], then f is integrable on [a, b]

Theorem: If f is continuous on [a, b], then

n

b
/ f(x)dx = nILm f(ci)Ax,
a i

where b
AX = o and ¢ =a-+iAx.
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A couple of definitions:
S
?r 90‘)
Definition: If f(a) is defined, then o ,,:3 ‘l"\(

In particular, the integral of a continuous function over a single point is

Zero.

Definition: If [ f(x) dx exists, then

O l’ a b
< f*\ - / f(x)dx = —/ f(x) dx
S b a

Reversing the limits of integration negates the value of the integral.
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Example

It can be shown that / sin?(x) dx = g
0
Evaluate
r(P\“C\“S '\’L‘Q. o\b-wuu-3 x
’ < O abl
/ sin?(f) dt wilh b destk a
N Moo Voloe

-
° - g‘g\f\z((ﬁ)gk )
» Sw ¥dA.V\S ‘\’\r\ 9‘-'\1)(5

- MSQ\-U' Ang valre -
=
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Question

10
Suppose it is known that / f(x)dx = —-12
3

10

3
Evaluate /mf(x)dx - _ gquéx - (-n\ : 1=
12

(b) —12

(c) f(10)

(d) can’t be determined without more information
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A simple integral
If f(x) = Awhere Ais any constant, then

/abf(x) dx = /:Adx:A(b—a).

A —
| (wa& \é\(\,.

(/3 v
w7 (b7 _
) r A ol
Q b “\ t C)'N\r U‘”a)
VR
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Question

7
/ rdx = ¢x(3-3) = uvw
3

(d) can’t be determined without more information
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Section 5.3: The Fundamental Theorem of Calculus

Suppose f is continuous on the interval [a, b]. For a < x < b define a
new function

9(x) = /a “Hn ot

How can we understand this function, and what can be said about it?
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Geometric interpretation of g(x) = [ f(t

A

y=fit

0’ 'X‘\“x tb

m\,‘)ce'/‘ ::A ‘o .
Figure
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Theorem: The Fundamental Theorem of Calculus
(part 1)

If f is continuous on [a, b] and the function g is defined by

X
g(x):/ f(t)dt for a<x <b,
a
then g is continuous on [a, b] and differentiable on (&, b). Moreover
'(x) = f(x).
g'(x) =1£( 2‘ H‘.v\“ﬁrma o
k cﬂ"\

This means that the new function g is an antiderivative of f on (a, b)!
"FTC” = "fundamental theorem of calculus”
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Example:
Evaluate each derivative.

New, fli)- s’ ()
d X . 2 - . 2( :O ﬁv\é

(@) — [ sin?(t)dt = Sw () /8
dx/o 00+ Xxs;s(wé’f

o

Py SH00
£- st a=Y
(0) d/xt—costdt_*'a‘)‘_ R fl0= o
ax o t+1 T )
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Question

Evaluate

d X 31’2
dx/2 e’t dt
UT
Plor:- e
'3x7'
So fn: e
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Geometric Argument of FTC

ﬂ,g y=1iy

/ i) )

u

x x+h

blue area = g(x)

blue & red area = g(x + h)
Ced redengla has
ans Loy In

Red Area = g(x + h) - g(x) = hf(x)

April 4, 2017 18/31


lritter
Pen

lritter
Pen

lritter
Pen

lritter
Pen

lritter
Pen

lritter
Pen


| p\w %(Xf'\f\\ -3(34)
e ot 3D hao _/\,\/

gy gl WE)

(x+W) - 309
=) § (x % ~ _C(x)

ond —\\\& qurw\.\,\o\—iu., g}.}(r \"Ak

Mo snellar NS

l et -G o
SR i LI P

April 4,2017

19/31


lritter
Pen

lritter
Pen

lritter
Pen

lritter
Pen

lritter
Pen

lritter
Pen

lritter
Pen

lritter
Pen

lritter
Pen


«

. ) T d
Chain Rule with FTC e 2 (twdv= Ly
Evaluate each derivative. -
X2
(a) ;( £3 dt Croin ¥
0 fiﬂum\’ﬂﬂ'w‘)
Tws ¢ Q (we‘“‘\",““‘ @
3
Q\u\ g w0 = X )(2 : 3
and ouks.\& A 3 - 2
2l b= () (@20)
Fl: {7 ¢ db Ax g ( .
- XQ- Ix *2x

' 3 e
Fluy= w owd wbd= 2x
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7
(b) ;(/ cos(f?) dt ¢

To use d TVC, firsh ot

X

EAVAE 2
S Cos ( 2)dk = - g Cos () A&
X ?

B s (B F)

.:x RN :}.x (
_—
8X

§
gxco; (&) JE
1

o
2 [ pwar + fu

- Gos(x)
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Question

Use the chain rule where f(u)

7x
i(/ sin”' tat
1

(@) —=L

V1722
(b) sin~'(7x)

(c) -

V/1-49x2

7 sin~'(7x)

= [/ sin"' tdt and u = 7x to evaluate

Y1C
) N \, 'S
Pleys S
Wby = F
se £l il

< (S\v:'u Y3 Sa;\‘('—}x)
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Theorem: The Fundamental Theorem of Calculus
(part 2)

If f is continuous on [a, b], then

/ ’ f(x) dx = F(b) — F(a)

where F is any antiderivative of f on [a, b]. (i.e. F'(x) = f(x))

b
b euvaluane {(‘(mc‘x

- Fnd o0a ow{'.gu‘wa\—w{ F(y) )

- Pl o aeahes PR o Y
R (W N A T (a)
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Example: Use the FTC to show that [, x dx = &

N geoy b | Pugcx (5 kot A proe)

v\
X

2
X
A mb'\éer'\uo\\r\w S \:()Q'- f S

2

NOE b‘; avd Y (o) = \:(0)—. Q; =0

S b 2 i bl

Ix& = F@-F@:3-0" 3

[o]
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Notation

Suppose F is an antiderivative of f. We write

b
b
/ f(x)dx = F(x)| = F(b) - F(a)
a
a
or sometimes
b b
/ f(x)dx = F(x)| = F(b)— F(a)
a
a
For example
bR 02 R
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Evaluate each definite integral using the FTC

(a) /023)(2 ax =

S"& n\b .

2
N I S

(o]

‘F()O: '3)(1) O av.kéq_\\uo\’tw B

3 2l ,L? ) 3
Foo =y Yo:3. ;8% X
o
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s ™
(b) /fcosxdx : Siax \ - e - Q-.“l;

2
v/,

- (of ¥
./

1
% \ 2T
2

Yoo foo= CO‘X) b oo et i Yo - Sinx
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Question

)
?Omb\ (‘v&"l*l ui
Louw L 5y
T )
(b) 53
II_L
& &
1
o -3
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Caveat! The FTC doesn’t apply if f is not continuous!

The function f(x) = % is positive everywhere on its domain. Now
consider the calculation

2 —1
1 X
o=

Is this believable? Why or why not?

‘p.\s ner ~agakive @ magatin PN S"‘Q
ralay e So(u\i.(," TK -MRS,\&‘\(

b\né —Q&“"" A .
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An Observation

If f is differentiable on [a, b], note that

/b f'(x) dx = f(b) — f(a).

This says that:

The integral of the rate of change of f over the interval [a, b] is the net
change of the function, f(b) — f(a), over this interval.

Remember the example: the area under the velocity curve gave the
net change in position!
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