April 13 Math 1190 sec. 62 Spring 2017

Section 5.3: The Fundamental Theorem of Calculus

Theorem: FTC (The Fundamental Theorem of Calculus part 1)
If f is continuous on [a, b] and the function g is defined by

X
g(x):/ f(t)ydt for a<x<b,
a

then g is continuous on [a, b] and differentiable on (&, b). Moreover

This means that the new function g is an antiderivative of f on (a, b)!
"FTC” = "fundamental theorem of calculus”
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Theorem: The Fundamental Theorem of Calculus
(part 2)

If f is continuous on [a, b], then

/ ’ f(x) dx = F(b) — F(a)

where F is any antiderivative of f on [a, b]. (i.e. F'(x) = f(x))
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Example
)3

™

Lid ™ T
Evaluate /ssecz(t)dt = ket * ke - b

4 “Juy
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Example

X
Evaluate d / sec?(t)dt intwo ways.

ax Jz %
A ().\.
(a) Using the FTC part 1. FTC Seus  ox g W+ = Fuo
! A
é g Sca ( \ GH' = Seo (,X) LQ/V. ‘F“’,S" v (€) R
4x
v/,
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Example

X
Evaluate CZ( / sec?(t)dt intwo ways.

X

(b) By using the FTC part 2 to evaluate g(x) = [ sec?(t)dt,

R

then using regular derivative rules to find g’(x).
Foret dread l')(“ os b’

X
"l = e - T - ko -
O L PR

(1

New fnd gD

Bo0: bmx-\ = § 0=l -0 3 6 0= Sel'x
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Question

/91u1/2du oL
12 T

lR-N =2
-Lz*\

L

2%+
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Question
(remember: [2f(z) dz = — [P f(z) dz)

d 3 J X
dx/x tan(z)dz - 5 K b (2)3% = - box

3

(a) tan(x)
(b) In|sec(3)] —In|sec x|

@— tan(x)

(d) sec?(x)
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Caveat! The FTC doesn’t apply if f is not continuous!

The function f(x) = % is positive everywhere on its domain. Now
consider the calculation

2 —1
1 X
/_1)(2dx_—1

Is this believable? Why or why not?

MO, £ s neven ~agakive .}:Z Co;-\ ke ‘"\3\“\’)
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An Observation

If f is differentiable on [a, b], note that

/b f'(x) dx = f(b) — f(a).

This says that:

The integral of the rate of change of f over the interval [a, b] is the net
change of the function, f(b) — f(a), over this interval.

Remember the example: the area under the velocity curve gave the
net change in position!
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Section 5.4: Properties of the Definite Integral

Suppose that f and g are integable on [a, b] and let k be constant.

l. /bkf(x)dx:k/bf(x)dx
b b b

I /(f(x)+g(x))dx:/ f(x)dx+/ g(x) dx
b b b

I. /a(f(x)—g(x))dx:/a f(x)dx—/a a(x) dx
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Examples
Suppose f14 f(x) dx = 3 and f14 g(x) dx = —7. Evaluate

4 4

0 [ -2roak < o [t e 1
|
23> =-0b
l1

* ! SV (L
(ii) /[f(X)+39(x)]dx . f#m«!xn + [j‘é

1

\1
R gméx orop T

)

: ﬁmé" 3

'

3+ 332\ 1%
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Question
Suppose [; f(x) dx = 3 and [} g(x) dx = —7. Evaluate

4 “

4
/[Q(X)3f(x)]dx : [ Sdx - 3 P‘f(x))x
1 \ f
T D} _3(73:—3-—7:.(‘0

(a) 16

ORE

April 13,2017

12/51



The Sum/Difference in General

If fy, %, ..., f,are integrable on [a, b] and k4, ko, . . ., k, are constants,
then

/b[k1 fi(X) + kafo(X) + - - - + Knfa(x)] dx =

b b b
k1/ fi(x) dx+k2/ fa(x) dx+---+k,,/ fa(x) dx
a a a
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Example

? 2 “u
2 .3 2 x 2, =) dx
X 2X 4 = * o
Evaluate / %dx B y x ¥ x )
1 )

2 2
6‘ +Zx+x)‘))< [xtaxf

:gzc\x*zngx +”|§ dx

\

3.\2 ‘52'_\ + 90dx\ \,

AL
3 h

(2 _\ . q“o,\\z\-%o»\\\\‘)

i

'5
F X '\w) T
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: %—\E"' -\ + Yz -0
E
(%4—3\«\{],,,'2 :5.‘,—5_«;19“2
- b
71’“{.0»\2,

Le ca wr -t'.,

‘ 4 l(‘3+ %+ 40\ %) \
I(X7'+Zx+—;)Jx = 3

2

\

3
E %34-22-&%.0\"‘2\ - -154,\1_‘,\"’0“\”)
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Properties of Definite Integrals Continued...

If f is integrable on any interval containing the numbers a, b, and c,
then

(V) /f dx_/f dx+/f

¢.g. g foadx = Snplxu\x * f\cméy

A

s 3
or S _F(X)AX = S .p(x\ o‘)ﬂ + S‘Q(XM)X
3 z i
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Properties: Bounds on Integrals

b b
(V) If f(x) < g(x) for a < x < b, then / f(x)dx < / g(x) dx

(V) And, as an immebdiate consequence of (V), if m < f(x) < M for
a<x<bthen [wmx "My
> (] l
3 b
m(b—a) < / F(x) dx < M(b— a).
a

If f is continuous on [a, b], we can take m to be the absolute minimum
value and M the absolute maximum value of f as guaranteed by the

Extreme Value Theorem.
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Average Value of a Function and the Mean Value
Theorem

Defintion: Let f be continuous on the closed interval [a, b]. Then the
average value of f on [a, b] is

1 b
favg:b_a/a f(x) dx

Theorem: (The Mean Value Theorem for Integrals) If f is continuous
on the interval [a, b], then there exists a number v in [a, b] such that

fU) = fog, 1 / f(x) dx = f(u)(b — a).
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Question

Find the average value of f(x) = y/x on the interval [0, 4]. That is,

compute
fav :1/4X1/2dx
97 4-0J
5(3/1 \‘1 b . 7:’»,%
E < _\_ — q ’
(@) 3 4 ( 321, .
3)
b) & h\Y 2, Y ot
(0) 3 “f‘(%x \o:;(i(w)—g(o)
© 3 T
\ 2 :-\—- = * =
(d) 2
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Question
Find the value of f guaranteed by the MVT for integrals for f(x) = v/x
on the interval [0, 4]. That is, find u such that

1 (% 1) 4

e
(a) \/g fluy= 2 lw= 3

1

(@Y (3)

wl|=

(b) 75 W

w= =
(c) )& c,
(d) ¥
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MVT for Integrals Example

2

15

|

w\F

0.5

y=fiw

I’\\ﬁ sey’
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,\,)\\rcf""w
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U
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Evaluate Each Integral
1 .
(a) /(t+1)2dt Expond S§UO= fes>
: (b41)= Er 2E¢)

- ga—:".f Zl:ﬁ'\\ b

s
5 + \‘ :(Lj-r\‘lﬂ)— (-7;\«27'\»&)
2

3
< L+2.'3:
3

. - . -18
tv1 -8 kM5 F
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Question
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w/
(c) /04tan2e9d0 &C‘sze | - .20
On +\ = Sec

= 6»:(9 = QJJQ - \
™l

| (se20-D) 49

: tam@ - 0O . ;\4' (kmo O\
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o [P i L
= S'Iﬂy
/4 sin® x T
Yy

O- Q
L}
l
o
p
*x
——
=

T (- wE

(c) 20 - (-\) = |

(d) It is undefined since cos(r/2) = 0.
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