
April 26 Math 2335 sec 51 Spring 2016

Section 6.4: LU Decomposition

Suppose we wish to solve the linear system Ax = b, and we happen to
know that

A = LU

where L is lower triangular, and U is upper triangular.

LUx = b ⇐⇒ Lg = b and Ux = g
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The LU Factorization

Let A be an n × n matrix, and suppose that we can do Gaussian
elimination with A without any pivoting.

That is, we are able to form the necessary multipliers mij without
swapping any rows.

Then we can write A as the product A = LU where

U =


u11 u12 · · · u1n
0 u22 · · · u2n
...

. . . . . .
...

0 · · · 0 u1n

 and L =


1 0 · · · 0

m21 1 · · · 0
...

. . . . . .
...

mn1 · · · mn n−1 1


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Example
Compute L and U for the matrix in the previous example

A =

 2 −1 3
4 −1 6
−2 2 −5


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Example
Compute L and U for the matrix

A =


2 1 0 0
1 2 1 0
0 1 2 1
0 0 1 2


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Example Continued...
Solve the linear system of equations

2x1 + x2 = 7
x1 + 2x2 + x3 = 0

x2 + 2x3 + x4 = −4
x3 + 2x4 = 0
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LU Decomposition: Pivoting

Not every matrix A can be written as A = LU where L and U are lower
and upper triangular. For example, show that the following equation is
not solvable.

A =

[
0 0
1 1

]
=

[
1 0
`12 1

] [
u11 u12
0 u22

]
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LU Decomposition with Pivoting
Recall that at the k th step in Gaussian elimination, the multiplier

mij =
a(k)

ij

a(k)
jj

which is undefined if a(k)
jj = 0. For example, show that our

process breaks down for the matrix

A =

 2 1 1
2 1 −1
4 3 2


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PA = LU
The rows of a matrix A can be swapped by multiplying on the left with a
permutation matrix P. P is obtained from the identity matrix by
switching the desired rows.

For example: (a 3× 3 example)

I =

 1 0 0
0 1 0
0 0 1

 , let P =

 1 0 0
0 0 1
0 1 0


The product PA results in switching rows 2 and 3 of A.
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Compute PA

 1 0 0
0 0 1
0 1 0

 2 1 1
2 1 −1
4 3 2


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Show that PA has an LU decomposition
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LU Decomposition Summary
To compute A = LU or PA = LU

I If a11 = 0, swap rows to get a nonzero entry there, record the
swap in a permutation matrix P being constructed.

I If a11 is nonzero, compute each mj1 and clear the first column of A
below this entry.

I Store mj1 in the matrix L being constructed.

I If a(2)
22 = 0, swap rows to get a nonzero entry there, record the

swap in the permutation matrix P being constructed. And swap
the same rows in L being constructed.

I Otherwise, compute the multipliers mj2 and clear the second
column of matrix.

I Store mj2 in the matrix L being constructed.
I Repeat until A is reduced to upper trianglar form. This is U.
I Add 1 to the diagonal entries of L.
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Find an LU decomposition with pivoting if needed

A =

 1 3 3
2 6 2
4 3 1


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Solve the Linear System

x1 + 3x2 + 3x3 = 2
2x1 + 6x2 + 2x3 = 5
4x1 + 3x2 + x3 = 6
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