April 19 Math 2306 sec 58 Spring 2016

Section 15: Shift Theorems
Theorem (translation in s)

Suppose .Z {f(t)} = F(s). Then for any real number a

2 {e¥f(t)} = F(s — a).

For example,
n! n!
L =g = LM = e
£ {cos(kt)} = ——— s_4

at
= kt)} = ———>-
2R & {e* cos(kt)} 5 af K
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Inverse Laplace Transforms (repeat linear factors)
14+3s-¢°
o {1

We were doing a partial fraction decomposition and wrote

_32+38+1—A+ B _C .
s(s—12 s s—1 (s—1)2

—5%+3s+1=A(s—1)>+Bs(s—1)+Cs = A(s®*—2s+1)+B(s*~s)+Cs

1
TS 341 = (ABYS + (ZA-B4C)s 4 A

A8 = -l
“2A-8+C: 3

A=
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Be-\-As-l-l =2

C=34B+2A = 372720073
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The Unit Step Function
Let a > 0. The unit step function % (t — a) is defined by

0, 0<t<a
%(t—a):{ 1, t>a
o
Fie ot
\x S\eq
TN
Ut - a) ,Q\/"U‘?

4

Figure: We can use the unit step function to provide convenient expressions
for piecewise defined functions.
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Piecewise Defined Functions
Verify that

i ={ 90 05277 = o -gut-a+rnu(-a

e ned Yo Considen Mo Casw Ok <O ond ta,

\.p 6¢ E<an Heem M(&-M‘-O . S & 0¢ tcoo
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flo= g -5l 0+ N0 = glk) smwdﬂ
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Piecewise Defined Functions in Terms of %
Write f on one line in terms of % as needed

el, 0<t<?2
f(ty=+¢ 2, 2<t<5

2t t>5

Jlo= & —e Ulk-2)+ EUlL-2) - EUL-S) + 26 UL
koo YLl e

~ st ok n2b

Wg&;" Vor o k* e

Ld"s Vo.r\'é‘?r
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Translation in t
Given a function f(t) for t > 0, and a number a > 0

0, 0<t<a
f(t—a)@/(t—a):{f(ta) t> 4 .
71 | flt—a)%(t—a)
t 5 t

Figure: The function f(t — a) (t — a) has the graph of f shifted a units to the
right with value of zero for ¢ to the left of a.
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Theorem (translation in )
If F(s) = Z{f(t)} and a > 0, then

L{f(t—a)%(t—a)} = e ¥F(s).

M\
. WY
In particular, )
e—as 4 5(\ , \)o
2u(t-a) == [
S \k ) \/s‘
L
)
As another example,
n! nle=2
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Example

Find the Laplace transform .# {f(t)} where

1, 0<t<1
f(t):{t t> 1

(a) First write f in terms of unit step functions.

£l 1 - LU= + EUlE-)
=+ (L) Ule-)

© 1+ (e )UlE-1)
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Example Continued...

(b) Now use the fact that f(t) =1+ (t — 1)% (t — 1) to find Z{f}.
é({afua)ﬁ: ﬂn (b -\mu»l\}
¥R+ Y i (£-1) WLE -l\}

- — + ‘e - — % -

S
S N TS §*

A
¥ 18 =t P £le-1): 6o ‘J[{E}: N
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A Couple of Useful Results
Another formulation of this translation theorem is
(1) Z{gt)y%(t-a)} = e *L{g(t+a)}.

Nole  g(E)= %((HA)—OQ

Example: Find Z{cost% (t— 9} Rew @ Tz—r

™

28
e ;/{cas(eu:,)i

Ot Cos(A4®) = GosA Cos8 - SwhSinl

Y - _n
S Cos (47 ) Cost G = Sink S L, Siat
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T e S t({'s""tg

April 18, 2016 18/49



A Couple of Useful Results

The inverse form of this translation theorem is

(2) 2 e #F(s)} = f(t—-a) (t—a).

—2s
Example: Find £ ~! {(e}

\ornore
1 ~o
s(s+1 SXZZM cfgww\“&.
Lohet e o) 1S {3(54—\\
\ A Q
X, Froaek o~ : o 4 —
Pouket Froekio a(s+) < S+ )

| = Ase) + BS
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Section 16: Laplace Transforms of Derivatives and
IVPs

Suppose f has a Laplace transform and that f is differentiable on

[0, o). Obtain an expression for the Laplace tranform of /(). (Assume
f is of exponential order ¢ for some c.)

j{f’ } / stf/ hat. \0‘3 PQJ(S .
we &% dus-se dk
00

ey \M- S(s;f*uum vaEly  dve £
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Transforms of Derivatives

If £ {f(t)} = F(s), we have Z {f'(t)} = sF(s) — f(0). We can use this
relationship recursively to obtain Laplace transforms for higher
derivatives of f.

For example

2{f"()} = sL{f(1)}-F(0)
= s(sF(s) - f(0)) — f(0)

= s2F(s) — sf(0) — f'(0)
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Transforms of Derivatives

For y = y(t) defined on [0, c0) having derivatives y’, y” and so forth, if

Z{y(t)} = Y(s),

then 4
7 {d{} — s¥(s) — y(0),

&z { d”y} =5"Y(s) =" y(0) = s"2y/(0) — - - — y""(0).
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Differential Equation
For constants a, b, and c, take the Laplace transform of both sides of
the equation

ay”" +by' +cy=g(t), y(0)=yo, y'(0)=n
L‘)( :Pi\a}:\e(s) ond é{{%&: 6(33
#lag vy e = L Tabh

qjig'zw \:ﬁf{\a%xv ci{\;S = G)
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a (sl YLS)—S"Q(Q-%\(O))." \()(S\'\J(S)-\a(\)\)"' CQLS) = G(S)

el faidh on Thasde
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