August 31 Math 3260 sec. 58 Fall 2017

Section 1.9: The Matrix for a Linear Transformation

Definition: A transformation T (a.k.a. function or mapping) from R”
to R™ is a rule that assigns to each vector x in R” a vector T(x) in R,

Definition: A transformation T is linear provided
(i) T(u+v)= T(u)+ T(v) for every u,v in the domain of T, and
(i) T(cu) = cT(u) for every scalar ¢ and vector u in the domain of T.
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A Theorem About Linear Transformations:

If T is a linear transformation, then

T(cu+dv) =cT(u)+dT(v)

for scalars ¢, d and vectors u.v.

And in fact

T(ciuy + coup + -+ ckuk) = ¢ T(Ug) + 2T (u2) + - - - + ¢ T (uk).
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Theorem

Let T : R" — R™ be a linear transformation. There exists a unique
m x n matrix A such that

T(x) = Ax forevery xeR".

Moreover, the j column of the matrix A is the vector T(e;), where e is
the j column of the n x n identity matrix /,. That is,

A=[T(er) T(es) - T(en)].

The matrix A is called the standard matrix for the linear
transformation T.
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One to One, Onto

Definition: A mapping T : R” — R is said to be onto R™ if each b
in R™ is the image of at least one x in R"—i.e. if the range of T is all of
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Definition: A mapping T : R” — R is said to be one to one if each
b in R™ is the image of at most one x in R".
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Determine if the transformation is one to one, onto,
neither or both.

1027,

o1 3|™

We already determined that T is not one to one. We found that
2

T(x) =0 where x = { 3 ] . Since it is also the case that T(0) =0

T(x) = [

-1
and clearly x # 0, this demonstrates that T is not one to one. We
ended before considering whether T is onto.

Recall that our approach was based on the observation that

T(x) = T(y) would require (by virtue of linearity) T(x —y) = 0. This
raised the question of whether or not it was necessary to have
x—y=0.
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Some Theorems

Theorem : Let T : R" — R be a linear transformation. Then T is

one to one if and only if the homogeneous equation T(x) = 0 has only
the trivial solution.

T folleor Lien T(x) = TL";',\ c.rmse'*vxé‘mj
bo T(x)-TR) = T(&-%\: 0
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Some Theorems

Theorem : Let T : R" — R be a linear transformation, and let A be

the standard matrix for T. Then
(i) T is onto if and only if the columns of A span R™, and
(i) T is one to one if and only if the columns of A are linearly

independent.
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Example
Let T(x1,x2) = (X1,2X1 — X2, 3x2). Verify that T isonetoone. Is T
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Section 2.1: Matrix Operations

Recall the convenient notaton for a matrix A

an a2 - A
doy dx2 -+ a@2p
A=la; a --- ap= ) : .

am @&@mz2 -+ @mn
Here each column is a vector a; in R™. We'll use the additional Wp\" >
convenient notation to refer to A by entries \ é\as"'

X\rb o g +
A — [a,/] /g/ '\“ ?’o

ajj is the entry in row / and column j. /
Main Diagonal: The main diagonal consist of the entries a;;. A

diagonal matrix is a square matrix m = n for which all entries not on
the main diagonal are zero.
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Scalar Multiplication, Matrix Addition, & Equality

Scalar Multiplication: For m x n matrix A = [a;] and scalar ¢

CA = [cay].

Matrix Addition: For m x n matrices A = [a;] and B = [bj]
A+ B = [a; + by].

The sum of two matrices is only defined if they are of the same size.

Matrix Equality: Two matrices A = [g;] and B = [bj] are equall (i.e.
A = B) provided

aj=b; forevery i=1,....m and j=1,....n
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Example

1 -3 2 4 2 0 2
A:[—z 2}’ B‘[? o]’ and C_[1 _4 6]

Evaluate each expression or state why it fails to exist.

(a) 3B 2 L

3%- 3 2 o 2\ O

0!
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A=[_12 _23}, B:[_72 g] and czﬁ ° 2]
()A+B = (1 -3 2 L«]: S
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Theorem: Properties

The m x n zero matrix has a zero in each entry. We’ll denote this
matrix as O (or Om,p, if the size is not clear from the context).

Theorem: Let A, B, and C be matrices of the same size and r and s
be scalars. Then
iA+B=B+A (ivyr(A+B)=rA+rB

(i) (A+B)+C=A+(B+C) (v)(r+s)A=rA+sA
([i)A+O0=A (vi) r(sA) = (rs)A = (so) A
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Matrix Multiplication

We know that for any m x n matrix A, the operation "multiply vectors
in R" by A” defines a linear transformation (from R” to R™).

We wish to define matrix multiplication in such a way as to correspond
to function composition. Thus if

S(x) =Bx, and T(v)=Av,

then
(T o S)(x) = T(S(x)) = A(Bx) = (AB)x.
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Matrix Multiplication

X — Bx

Bx — A(Bx)

IR*

IR"

IR"
Bisnxp and

Alsmxn

A

Figure: Composition requires the number of rows of B match the number of
columns of A. Otherwise the product is not defined.
Mmx N

nx P

DA
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Matrix Multiplication

S:RP—R" = B~nxp
T:-R" —-R™ — A~mxn

ToS:RPF —R" — AB~mxp

Bx = x1by + xobo + - - - + xpbp =

A(BX) = x1Aby + x2Aby + - - + XpAb, =

AB=[Ab; Aby, --- Aby]

The j column of AB is A times the j column of B.
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