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6.4 Trigonometric Substitution

In Section 5.2 we defined the definite integral as the “signed area under the
curve.” In that section we had not yet learned the Fundamental Theorem of
Calculus, so we evaluated special definite integrals which described nice, geo-
metric shapes. For instance, we were able to evaluate

3
/ \/9—x2dx:9—7T (6.1)
-3

2

as we recognized that f(x) = v/9 — x2 described the upper half of a circle with
radius 3.

We have since learned a number of integration techniques, including Sub-
stitution and Integration by Parts, yet we are still unable to evaluate the above
integral without resorting to a geometric interpretation. This section introduces
Trigonometric Substitution, a method of integration that fills this gap in our inte-
gration skill. This technique works on the same principle as Substitution as found
in Section 6.1, though it can feel “backward.” In Section 6.1, we set u = f(x), for
some function f, and replaced f(x) with u. In this section, we will set x = f(0),
where fis a trigonometric function, then replace x with f(6).

We start by demonstrating this method in evaluating the integral in (6.1).
After the example, we will generalize the method and give more examples.

Example 172 Using Trigonometric Substitution

3
Evaluate / V9 — x2 dx.
3

SOLUTION We begin by noting that 9sin? 6 + 9cos®> # = 9, and hence
9cos?2f =9—9sin? 0. Ifweletx = 3sinf, then9—x2 = 9—9sin? § = 9 cos? b.

Setting x = 3 sin 6 gives dx = 3 cos § df. We are almost ready to substitute.
We also wish to change our bounds of integration. The bound x = —3 corre-
sponds to § = —x/2 (for when § = —7/2, x = 3sind = —3). Likewise, the
bound of x = 3 is replaced by the bound 6 = 7/2. Thus

3 w/2

/ V9 — x2 dx / V9 — 9sin* (3 cos 6) df
-3 —m/2
/2

/ 3v9cos? 6 cos 6 dof

—7/2

/2
:/ 3|3 cos 0| cos 6 db.
—7/2

On [—m/2, /2], cos 8 is always positive, so we can drop the absolute value bars,
then employ a power-reducing formula:

Notes:



/2 9
5(1 + cos(26)) db

/2
:/ 9cos? 6 df
—7/2
/7r/2

/2

N | ©

(0 + %sin(ZQ))

—m/2

This matches our answer from before.

We now describe in detail Trigonometric Substitution. This method excels

when dealing with integrands that contain v/a?2 — x2, vx2 — a2 and v/x2 + a2.
The following Key Idea outlines the procedure for each case, followed by more

examples.

6.4 Trigonometric Substitution

Key Idea 13 Trigonometric Substitution

(a) For integrands containing v/a? — x2:
Letx = asin ), dx = acos 8 df
Thus § = sin~*(x/a), for —7/2 < 0 < 70/2.
On this interval, cos @ > 0, so

Va2 — x> =acosf

(b) For integrands containing v/x? + a?:
Let x = atan 6, dx = asec? 6 db
Thus 0 = tan~*(x/a), for —7/2 < 0 < /2.
On this interval, secf > 0, so
VX2 4+ a? = asech

For integrands containing v/x2 — a2:
dx = asecftan6 di

—

(c
Let x = asecd,

Thus § = sec™*(x/a). If x/a > 1, then0 < 0 < 7/2;
ifx/a < —1,then7/2 < 0 < .

We restrict our work to where x > a, so x/a > 1, and
0 < 6 < /2. On this interval, tan 6 > 0, so

Vx> —a?> =atanf

Q1
¢X°
4 .
a
X
4 N
a

X2 — g2

Notes:
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Example 173 Using Trigonometric Substitution
Evaluate / — dx.
V5 4 x?
SOLUTION Using Key Idea 13(b), we recognize a = /5 and set x =

/5 tan 0. This makes dx = v/5sec? 6 df. We will use the fact that v/5 + x2 =
V5 +5tan20 = v/5sec? 6 = /5 secf. Substituting, we have:

1 1
——dx = 7\/§SGC20d9
/\/5+x2 /\/5+5tan2
/ﬁsec 9

V/5secd

= /secﬁd&

=In|secf + tanf| + C.

While the integration steps are over, we are not yet done. The original problem
was stated in terms of x, whereas our answer is given in terms of 6. We must
convert back to x.
The reference triangle given in Key Idea 13(b) helps. With x = v/5tan 6, we
have
x2+5

V5

tanf = and secf =

Sl >

This gives
dx = In‘sec9+tan9’ +C

/F

+C.
5

We can leave this answer as is, or we can use a logarithmic identity to simplify
it. Note:

alYxXAs | ox )

NI e

C=1In

1 2
E( X +5+x)

=In \% +In|Vx+54+x+C

=In|Vx +5+x|+C

where the In (1/1/5) term is absorbed into the constant C. (In Section 6.6 we
will learn another way of approaching this problem.)

Notes:



Example 174 Using Trigonometric Substitution

Evaluate / v 4x% — 1 dx.

SOLUTION We start by rewriting the integrand so that it looks like v/x2 — a2
for some value of a:

Sowe have a = 1/2, and following Key Idea 13(c), we set x = % secf, and hence
dx = % secftan 6 df. We now rewrite the integral with these substitutions:

2
/\/4X2—1dX=/2“X2— (;) dx
:/ZQ/ESECZQ—E <1sec9tan0> do
4 4 \ 2

1
Z(sec2 0 — 1)(sec0tan 9) do

1
= /m(secﬁtanﬁ) do
4
1

/Etan2 Hsech do

%/(seczé)—l)secﬁdﬁ
_1 sec 6 — secf) db.
2

We integrated sec® § in Example 170, finding its antiderivatives to be

1
/sec30d0 = E(sec&tan@—i—In\sec0+tan0|) +C

Notes:

6.4 Trigonometric Substitution
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Thus
/\/4x2—1dx:%/(sec39—sec9) dé

1/1
=5 <2(sec@tan9+ln|sec9+tan0) - In|sec9+tan9|) +C

1
= Z(sec@tane— In|secf + tand|) + C.

We are not yet done. Our original integral is given in terms of x, whereas our
final answer, as given, is in terms of . We need to rewrite our answer in terms
of x. Witha = 1/2,and x = %sec 0, the reference triangle in Key Idea 13(c)
shows that

tanf = \/x2 —1/4/(1/2) = 2\/x* —1/4 and sech = 2x.
Thus
%(sec@tan@—ln’sec9+tan0})—|—C:%(ZX-Z X2 —1/4—In|2x+2/x2 —1/4]) + C
:%(Mm_m\mzm\)%

The final answer is given in the last line above, repeated here:

/\/4)(2 “ldx= 1(4x\/x2 —1/8—1In|2x+2/x — 1/4\) +C

4

Example 175 Using Trigonometric Substitution
Va4 — x?
Evaluate / — dx.
X
SOLUTION We use Key Idea 13(a) witha = 2, x = 2sin 0, dx = 2cos 6

and hence v/4 — x2 = 2 cos 0. This gives

Va—x2 2
/Txdx:/ﬂ(uos&)d@

4sin% 0

:/cotzﬁdﬁ
= /(csczﬁ— 1) df

= —cotf — 0+ C.

Notes:



6.4

We need to rewrite our answer in terms of x. Using the reference triangle found
in Key Idea 13(a), we have cot® = v/4 — x2/x and 6 = sin"*(x/2). Thus

Va4 — x?
X

V4 —x?
T =

—sin~?! ({) +C
5 .

Trigonometric Substitution can be applied in many situations, even those not
of the form v/a? — x2, /x> — a2 or v/x2 + @2. In the following example, we ap-
ply it to an integral we already know how to handle.

Example 176 Using Trigonometric Substitution
1
Evaluate [ —— dx.
x4+ 1
SOLUTION We know the answer already as tan~! x-+C. We apply Trigono-

metric Substitution here to show that we get the same answer without inher-
ently relying on knowledge of the derivative of the arctangent function.

Using Key Idea 13(b), let x = tan 8, dx = sec? § df and note that x> + 1 =
tan?f 4+ 1 = sec® 0. Thus

1 B 1 )
/mdx—/seczasec 0 do
:/1d9

=0+C

1
21 dx =tan"'x+C.

Since x = tand, 8 = tan—! x, and we conclude that/ P
p%

The next example is similar to the previous one in that it does not involve a
square—root. It shows how several techniques and identities can be combined
to obtain a solution.

Example 177 Using Trigonometric Substitution
1
Evaluate

———d
(x* 4 6x + 10)? X

SOLUTION We start by completing the square, then make the substitu-
tion u = x + 3, followed by the trigonometric substitution of u = tan 6:

1 1
k= —"
/(x2+6x+10)2 X /(u2+1)2 .

Notes:

Trigonometric Substitution
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Now make the substitution u = tan 6, du = sec? 8 db:

1 2
/msec 0 do

1
:/mseczede

= /cos2 6 dé.

Applying a power reducing formula, we have

/ (; + % cos(29)> do

1.1
=20+7 sin(26) + C. (6.2)

We need to return to the variable x. As u = tan6, § = tan~!u. Using the
identity sin(20) = 2sinfcosd and using the reference triangle found in Key
Idea 13(b), we have

1 u 1 _1 u
2Vi2+1 Vir+1 21341

Finally, we return to x with the substitution u = x+ 3. We start with the expres-
sion in Equation (6.2):

%sin(Z@) =

1 1 1 1 u
Z0+ =sin(20) + C= Ztan"tu
R0+ gsin@0) +C=5 *

S~ 4
2u2—&-1+

1tan*l( +3)+ xX+3 +C
= — X —— .
2 2(x2 + 6x + 10)

Stating our final result in one line,

/ ! dx—ltan_l(x+3)+ X+3 +C
(x®+6x+10)2 2 2(x2 + 6x+10)

Our last example returns us to definite integrals, as seen in our first example.
Given a definite integral that can be evaluated using Trigonometric Substitution,
we could first evaluate the corresponding indefinite integral (by changing from
an integral in terms of x to one in terms of 6, then converting back to x) and then
evaluate using the original bounds. It is much more straightforward, though, to
change the bounds as we substitute.

Notes:



Example 178 Definite integration and Trigonometric Substitution

X
Evaluate/ —— dx
0o Vx?+25

SOLUTION Using Key Idea 13(b), we set x = 5tand, dx = 5sec?§ db,
and note that v/x2 + 25 = 5secf. As we substitute, we can also change the
bounds of integration.

The lower bound of the original integral is x = 0. As x = 5tan 6, we solve for
@ andfind 6 = tan=1(x/5). Thus the new lower bound is § = tan=%(0) = 0. The
original upper bound is x = 5, thus the new upper bound is # = tan=1(5/5) =
/4.

Thus we have

5 2 /4
/o \/x2X+ 25 / 2: Zﬂ@ Ssect 0 df
= 25/ tan? # sec 6 df.
0
We encountered this indefinite integral in Example 174 where we found
/tan2 Osect db = %(sec@tan& — In|sec6 +tan|).

So
/4 25 /4
25/ tanzﬁsecedﬁz?(secﬁtanﬁ—In\sec0+tan9|)
0
0

= 225 (V2-In(v2+1))
~ 6.661.

The following equalities are very useful when evaluating integrals using Trigono-
metric Substitution.

Key Idea 14 Useful Equalities with Trigonometric Substitution

1. sin(20) = 2sin 0 cos 6

2. cos(20) = cos? —sin?f = 2cos*H —1 =1 — 2sin* 0

3. /sec 0 do = 2(sec9tan9+ln]sec9+tan9|) +C

4. /c0520d9:/%(1+cos(29)) d0:%(0+sin0cos¢9)+c

Notes:

6.4 Trigonometric Substitution
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Exercises 6.4

Terms and Concepts
1. Trigonometric Substitution works on the same principles as
Integration by Substitution, though it can feel “ ",

2. If one uses Trigonometric Substitution on an integrand con-
taining v/25 — x2, then one should set x = .

3. Consider the Pythagorean Identity sin? 6 + cos* § = 1.

(a) What identity is obtained when both sides are di-
vided by cos® ?

(b) Use the new identity to simplify 9tan? 6 + 9.

4. Why does Key Idea 13(a) state that v/a?> — x> = acos/,
and not |a cos 6|?

Problems

In Exercises 5 — 16, apply Trigonometric Substitution to eval-
uate the indefinite integrals.

5. /\/x2+1dx
6. /\/x2—|—4dx

~

./\/ﬁdx

o]

./ﬂdx
9. /\/ﬁdx
10. /de
11. /\/mdx
12. /mdx
13. /mdx
8
14. /ﬁdx
15. /de
V7—x2

16

5d

In Exercises 17 — 26, evaluate the indefinite integrals. Some
may be evaluated without Trigonometric Substitution.

2 __
17. /7”()(11 dx

1

18. —_
8 /(X2+1)2 dx

X
19. ——— dx
/ Vx2—3
20. /szl — x2 dx

X

21. /W dx

22 /L dx
) V=10
1
23. ——d.
/ (x® + 4x + 13)2 X
24, /x2(1 — )73 dx
/ V5 — x2
. — dx
7x?

25

2
26. / —dx
VX243

In Exercises 27 — 32, evaluate the definite integrals by mak-
ing the proper trigonometric substitution and changing the
bounds of integration. (Note: each of the corresponding
indefinite integrals has appeared previously in this Exercise
set.)

1
27./ V1 —x2dx
—1
8
28. / Vx% — 16 dx
4
2
29. / VX2 + 4dx
0
1
1
30. —— _d
/_1 e+ 12 ™
1
31./ V9 — x% dx
-1

1
32. / V1 — x2 dx
-1



Solutions to Odd Exercis

33 Z 43+ Infx) +C
35 2 % L x—2lnx+1]+C
37. 3 —8x+15In|x+ 1|+ C
39. ftan_l(\xf)JrC
41. 145|n_1(\"[) +C
43, —sec Y(|x|/4) +C
o (F)
45, erc
47. —3sin™ (%)—i—()
49. 3(X3+3) +cC
51, —V1-xX+C
3
53. —%cosz(x)-i-C
55. ZIn|3x+2|+C
57. In|x® +7x+ 3|+ C
2
59. =% +2In|x2 —7x+ 1| +7x+C
61. tan~1(2x) +C
63.

65.

67.
69.
71.
73.
75.
77.
79.
81.

Tsin71 (&) 4 ¢

Ltan! (X£8) —In|x? + 12x + 61| + C

2 I +9+cC

—tan~1(cos(x)) + C

In | secx + tan x| + C (integrand simplifies to sec x)
V¥ —6x+8+C

352/15

1/5

w/2

/6

Section 6.2

11.
13.
15.
17.

19.

21.

23.

25.
27.

. Determining which functions in the integrand to set equal to

T

and which to set equal to “av”.

—e ¥ —xe ¥4+ C

. —x3cosx + 3x%sinx + 6xcosx — 6sinx + C

x3e* — 3x%e* + 6xe* — 6e* + C
1/2€*(sinx — cosx) + C
1/13e?(2sin(3x) — 3 cos(3x)) + C
—1/2cos’x+ C

xtan~1(2x) — 2njax? +1] 4+ ¢
V1I—x2+xsin~ix+C

f% + 2x2In|x| 4+ 2x — 2xIn |x| + C
Ix%In (x?) — % +C

2x 4+ x(In |x])? — 2xIn|x| + C
xtan(x) + In| cos(x)| + C

29.
31.
33.
35.

37.
39.
41.
43.
45,

47.

Z(x—2p/2+3(x—2)32+C
secx + C

—xcscx — In| cscx + cotx| 4+ C
2sin (v/x) — 2y/xcos (v/x) + C
2/xeV¥ —2eV¥ 4 C

m

0

1/2

3 _ 5
4e2 464

1/5(e" + e )

Section 6.3

11.
13.
15.

17.

19.

21.

sind(x) + C

D= H= T M

(o]

[e]

7]
)

x—jcostx+C

_% sing(x) + 3Sin77(x) _ 3sin55(x) + sinz(x) +C

(—% cos(8x) — 2 cos(2x)) + ¢

Ni= N

(% sin(ax) — L sin(10x)) + C
1 (sin(x) + 1 sin(3x)) +C

tan® (x) +C

t t

ane(x) + an4(x) +cC

sec® (x) sec (x)
53 t¢€

23. tan®x —tanx+x+C
25. % (secxtanx — In|secx + tanx|) + C
27. 2
29. 32/315
31. 2/3
33. 16/15

Section 6.4

1. backwards

3. (a) tan?6+ 1 =sec?d

(b) 9sec? 4.
5. 3 (WA FTH IV F14x]) +C

~

11.

13.

15.

%(sin*lx—&—xx/l—xz) +C
%x\/x2717§|n|x+\/x271|+c

XK+ 1[4+ 1102/ +1/4+4 2|+ C =
VAT + 1+ 2In|[VaZ + 1+ 2x| 4+ C

4 (%x\/xz —1/16 — 55 In|4x + 4,/x2 — 1/16\) +C

1xV16x — 1 — Lin|dx + V16x? — 1| 4+ C

3sin~?! (\}) + C (Trig. Subst. is not needed)

VxZ —11 — /11sec Y (x/v/11) + C
VX2 — 3 + C (Trig. Subst. is not needed)



21. ——L1— 4+ C (Trig. Subst. is not needed)
X249
1 x+2 1 —1 (x+2
23 g 2rars T s AN (55 +c

2. 1 (7 s fsin_l(x/\@)) +C

X
27. ©/2

29. 2V2 +2In(1+ v2)

31. 9sin=(1/3) + v/8 Note: the new lower bound is

6 = sin~1(—1/3) and the new upper bound is § = sin~%(1/3).

The final answer comes with recognizing that
sin~1(—1/3) = —sin~%(1/3) and that
cos (sin~1(1/3)) = cos (sin~1(—1/3)) = V8/3.

Section 6.5

1. rational
A B
=
A B
> x—/7 + x+V7

7. 3In|x—2|+4In|x+5|+C

9. I(njx+2|—Injx—2))+C

11 — 25 —3In|x+8[+C

13. —In|2x—3|+5In|x— 1| +2In|x+ 3|+ C
15. x+Injx—1] —In|x+2|+C

17. 2x+C

—1(x+2
w.—gmhl+ﬁ+1q+x+217%ﬁl+c

21. 2In|x— 3| +2In|x® +6x+ 10| — 4tan~*(x +3) + C

23. 1 (3In|x +2x+ 17| —4In|x— 7| + tan 1 (2E1)) +C
25. 1In|x? + 10x+ 27| + 5Infx + 2| - 6v2tan ~* (2) 4 ¢
27. 5In(9/4) — 11n(17/2) ~ 3.3413

29. 1/8

Section 6.6

1. Because cosh x is always positive.

X —x\ 2 2 2
3. coth? x — csch? x = te ) — (
ex —e~ X ex —e™X

_ (¥ t24em™) - (8)
- ex _ 2 + e—2

_ er -2+ efzx

T e _2 e

=1

X —X 2
5. cosh? x = (%)

e2x +2+ efzx
f

1 (EZX + efzx) + 2
2 2

_ 1 (82X+8_2X +1)
2 2
__cosh2x+1

= 72 .

d d 2
7. — [sechx] = — {77}
dx dx [eX 4 e~
_ 2(ef—e™)
ECETE
_ 2(e* —e™)
T (e e ) (e +e)
2 eX —e™*

= —sechxtanhx

sinh x
9. /tanhxdx:/ dx
coshx
Let u = cosh x; du = (sinh x)dx

1

= / —du
u

=Inlul+C

= In(coshx) + C.

11. 2sinh2x
13. cothx
15. xcoshx

17. 3

Vo1

oy

21. secx

23. y=3/4(x—1In2)+5/4

25. y=x

27. 1/2In(cosh(2x)) + C

29. 1/2sinh?x + Cor1/2 cosh? x + C

31. xcosh(x) — sinh(x) + C

33, cosh™1(x2/2) + C=In(® +Vx* —4) +C

35 Ltanl(x/2) + S inlx—2[+ S in|x+2[+C

19.

37. tan~ (&) + C

39. xtanh~1x+1/2In|x* — 1| +C
41. 0

43, 2

Section 6.7

1. 0/0,00/00,0 - 00, 00 — 00,00, 1%, cc°
3. F

5. derivatives; limits
7. Answers will vary.
9. —5/3

11. —v/2/2

13. 0

15. a/b

17. 1/2

19. 0

21. ©

23. 0

25. =2

27. 0

29. 0
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