February 10 Math 3260 sec. 51 Spring 2020

Section 2.1: Matrix Operations

Recall the convenient notaton for a matrix A

an a2 - Ain

az1 &2 -+ a2p
A=[a; a - ag=| . . .

am am2 - Aamn

Here each column is a vector a; in R™. We’'ll use the additional

convenient notation to refer to A by entries

A= [a,j]

ajj is the entry in row / and column j.
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Main Diagonal & Diagonal Matrices
Main Diagonal: The main diagonal consist of the entries a;;.

ainr a2 a3 - an
dzt 8 83 -+ dop
as1 8 d -+ dsn
am @m2 dm3 -+ dmn

A diagonal matrix is a square matrix m = n for which all entries not
on the main diagonal are zero.

an 0 0 0
0 a2 0 0
0 0 ass 0
0 0 0 - am
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Scalar Multiplication & Matrix Addition

Scalar Multiplication: For m x n matrix A = [g;] and scalar ¢

CA = [cay].

Matrix Addition: For m x n matrices A = [a;] and B = [by]

A+ B = [a; + bj].

The sum of two matrices is only defined if they are of the same size.
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Matrix Equality

Matrix Equality: Two matrices A = [g;] and B = [b;] are equal
provided they are of the same size, m x n, and

aj=>b; forevery i=1,....m and j=1,....n

In this case, we can write

February 3, 2020 4/26



Example

3 —2 4 2 0 2
A:[_z 2}7 B—[7 0]’ and C_L 4 6]

Evaluate each expression or state why it fails to exist.
(@8B = o |-z 9 X ] [3(%3 3ml
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Theorem: Properties

The m x n zero matrix has a zero in each entry. We’ll denote this
matrix as O (or Om,p, if the size is not clear from the context).

Theorem: Let A, B, and C be matrices of the same size and r and s
be scalars. Then

()A+B=B+A (iv) r(A+B)=rA+rB
(i) (A+B)+ C=A+(B+C) (V) (r+s8)A=rA+sA
[ilA+O0=A (vi) r(sA) = (rs)A

= (son = <(FA)
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Matrix Multiplication

We know that for any m x n matrix A, the operation "multiply vectors
in R" by A” defines a linear transformation (from R” to R™).

We wish to define matrix multiplication in such a way as to correspond
to function composition. Thus if

S(x) =Bx, and T(v)=Av,

then
(T o S)(x) = T(S(x)) = A(Bx) = (AB)x.
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Matrix Multiplication

x— Bx

Bx — A(Bx)

IR

IR" IR"
Bisnxp and

Asmxn

Figure: Composition requires the number of rows of B match the number of
columns of A. Otherwise the product is not defined.

DA
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Matrix Multiplication

S:RP—R" = B~nxp
T:-R" —-R™ — A~mxn

ToS:RPF —R" — AB~mxp

Bx = x1by + xobo + - - - + xpbp =

A(BX) = X1Aby + x2Aby + - - - + XpAb, =

A B
M XN nx P
AB=[Ab, Abp -+ Aby © fp L«
S
, . . , ¢
The j column of AB is A times the j column of B. A ‘MQ

gro®
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Example
Compute the product AB where

B 1 -3 12 0 2
A_[_z ]and B-L —46]
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Row-Column Rule for Computing the Matrix Product
If AB = C = [cj], then

n
Cj = Z a;kbk,-.
k=1

(The ij™ entry of the product is the dot product of i row of A with the
1 column of B.)

) 1 -3 2 0 2|
For example: AB_[_2 5 ][1 4 6]_

C, L rew ek X o-d oo L ot 8

C = (2«30 = =\

(W}
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C,, = “2(o0 (=)(-y4) = -8
C O%e oW

C,n = 2w 2y = 3
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Theorem: Properties-Matrix Product

Let Abe an m x nmatrix. Let r be a scalar and B and C be matrices
for which the indicated sums and products are defined. Then

(i) A(BC) = (AB)C
(i) A(B+C)=AB+AC
(i) (B+ C)A= BA+ CA
(iv) r(AB) = (rA)B = A(rB), and
(V) InA=A=Al,
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Caveats!

(1) Matrix multiplication does not commute! In general AB == BA

(2) The zero product property does not hold! That is, if AB = O, one
cannot conclude that one of the matrices A or B is a zero matrix.

(8) There is no cancelation law. That is, AB = CB does not imply that
A and C are equal.

February 3, 2020 18/26



Compute AB and BA where A = [ 1
A3 WA
2 X1 ZxT
7Y o
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]andB:{_“1 ;_,]
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