February 13 Math 2306 sec. 57 Spring 2018

Section 6: Linear Equations Theory and Terminology

We’ll consider the equation

d" a1 d
an(X) G0+ an1(X) Gy e+ @(X) 5+ ao(X)y =0

and assume that each g; is continuous and aj, is never zero on the
interval of interest.

Theorem: If yy, y», ..., yx are all solutions of this homogeneous
equation on an interval /, then the linear combination

y(x) = c1y1(x) + caya(x) + - - + ckyk(x)

is also a solution on / for any choice of constants ¢, .. ., Cx.

This is called the principle of superposition.
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Linear Dependence

Definition: A set of functions fi(x), f(x), ..., f,(x) are said to be
linearly dependent on an interval / if there exists a set of constants
¢y, Co, ..., Cnp With at least one of them being nonzero such that

Cify(X) + Cofo(X) + - + Cafn(x) =0 forall xin /.

A set of functions that is not linearly dependent on / is said to be
linearly independent on /.

February 8, 2018

2/27



Examples
We saw that f;(x) = x2, f(x) = 4x, f3(x) = x — x? were linearly
dependent on (oo, oo) because

4x2 —1(4x) +4(x —x®) =0 forallreal x

At least one (in fact all) of the coefficients are nonzero. By comparison,
fi(x) = sin(x), f(x) = cos(x) are linearly independent on (—oo, o)
because the equation

¢y sin(x) + cocos(x) =0 for all real x

is ONLY true if ¢ = 0 and ¢, = 0.

We would like a general tool to determine linear
dependence/independence at least in the case that we have
sufficiently differentiable functions (like the ones that solve differential
equations).
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Definition of Wronskian

Let fi, o, ..., f, posses at least n — 1 continuous derivatives on an
interval /. The Wronskian of this set of functions is the determinant

f b -y

fl £

W(fi by D)) = | S
f1(”_1) f2(n—1) frgn—1)

(Note that, in general, this Wronskian is a function of the independent
variable x. )
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Determinants

a b

If Aisa 2 x 2 matrix A = [ c d ] then its determinant

det(A) = ad — bc.

a1 a2 a3
fAisa3x3matrix A= | axy as ao3 |, then its determinant
azy dz2 dss

det(A) = a11det[ 42 ax } ay det[ 21 823 ]Jra det[ 21
dz2  dass dasz1 dass ass
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Determine the Wronskian of the Functions
fi(x) =sinx, f(x)=cosx

A ﬂu\d—mws s Ixt meirx

'P‘ () 'pz \s]
W )= ,
‘F:(Y) £ 6o
L
\ﬁa\:aa-bc
i Sin X Coc x
CDS X -SinX

= SinX (-S’n'\)() - G x (O"x)
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- g':nz)( - G,,{Z)(
= - (antx + a:’xﬁ |

S

v (‘P‘) CL\(K) - ‘\ .
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Determine the Wronskian of the Functions
f1(X):X27 f2(X):4X7 fS(X):X_X2
3 funions , Yo molene i\l e 3.

f (%) \sz \03 ()
\t\] (‘F‘) Cl, Lg}(x) = gl‘(x) 'E_I(X) Fsl ()q

'(, "o ﬂn(x) Pa"(x)

Xt Yy X- X"
’ 2x K \-zx
2 0] z
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: Xl( 4y(-vy -0( \'Z’A\ -Yx (Zx(-Z) - z(\- zx\S + (x-x") (ZX(o\ -Z(LI)>

£ (8 Uy (U -2 Ux) + (e ) (-9)
= -8 %" 4+ Bx -8x 4 8yt

- 0
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\ml(?\.fh&\(x) =0
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Theorem (a test for linear independence)

Let fy, &, ..., f, be n— 1 times continuously differentiable on an interval
1. If there exists xp in / such that W(fy, &, ..., fy)(X0) # 0, then the
functions are linearly independent on /.

If y1, ¥, ..., yn are n solutions of the linear homogeneous n order
equation on an interval /, then the solutions are linearly independent
on /ifand only if W(ys, ys, ..., ¥n)(x) # 0 for' each x in I.

For solutions of one linear homogeneous ODE, the Wronskian is either always

Zero or is never zero.
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Determine if the functions are linearly dependent or
independent:

2x

yi=¢€, yp=e% |=(—00,00)

Le con use the Wrows lLion. (Zc"d" - le.:v\o\-'r'\x)

v 9%
W (9., 4,) 692
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= &™) - e"(e'z"B
-X -x -X
< _Ze - e B '36

-X
\,\)(b"\jz\ ) = -e nON3 g

T\’\ c\n\(,\'nb\l\.f o .9!Nq-\b
~(\/\ C\e/fmv\é&k&.
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Fundamental Solution Set
We're still considering this equation

dn dnf1y
an(x )dx”Jr n-1(X )dx”—1

with the assumptions a,(x) # 0 and a;(x) are continuous on /.

d
o () ok +a(x)y =0

Definition: A set of functions y1, y», ..., ¥» is a fundamental solution
set of the n" order homogeneous equation provided they

(i) are solutions of the equation,

(i) there are n of them, and

(iii) they are linearly independent.

Theorem: Under the assumed conditions, the equation has a
fundamental solution set.
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General Solution of n order Linear Homogeneous
Equation

Let y4, ya, ..., yn be a fundamental solution set of the n'" order linear
homogeneous equation. Then the general solution of the equation is

y(X) = c1y1(x) + Caya(X) + - + Cpyn(X),
where ¢y, Co, ..., Cy are arbitrary constants.
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Example

Verify that y; = x2 and y» = x3 form a fundamental solution set of the
ODE

x2y" —4xy’ +6y =0 on (0,00),
and determine the general solution.

Le Vo do Shoo '\-‘/\oé— e \~aae_ M\L rl%\\sf V\\,g\\,"\
ob Lintkions,  Preyy o~ solcdbioms ad Hrot -\'\M\a Y

Q‘NI‘{/\\O Wnél{x\,\ée\-k‘
D“a orda. ODE , ©c howe 2 p\n\(}«ms‘

LQ,'\"C \JU\L:) ‘“\43 an. Sl ons

gooxXt Y LYyt 2
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1
Xl‘g. -YUx Lal‘ + 6\3‘ = X'(2) “Yx (2x)+ Cx*
: le-%¥1+(°y1 =0
Yy, Ss\oes b ODE.

e X, 9a B, g Tl

x?‘a Uy tly, K (ex) -Ux (3x) +6 X
AV 6x’ <o

Sﬁ (aL S Q\.f\ a Sl .

b)t:\\ Ot Y \WJronskien b Shew DMQA(—
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0 de
[ c‘bflm (L N 3
Y (97. X X

\I\) (b\'\"lL\(X): \ ‘o‘. ‘37‘/ = 2){ 3)("

N
z Xl(gx‘-)-zx () = 3x -x X

The Woaskian ¥ Nondemy , So by and Yy, O
ﬂ;MQr\g’ '\,,\A&,f fvu.‘ o \’ . (.A)L \,\0\’\-& [oN 'p\,v\éofmv\-i

S\\ \V\- [N M
TKJ, 3-?!‘2}":/0 galh‘\’lgv\ ‘lS

3
%: C\XL* CZX .
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Nonhomogeneous Equations
Now we will consider the equation

dny dnf1y dy B
X" W—I—--'—G—&(X)a-i-ao(x)y—g(x)

where g is not the zero function. We'll continue to assume that a,
doesn’t vanish and that a; and g are continuous.

an(x) + an-1(x)

The associated homogeneous equation is

an y dn—1 y dy

dx’ W+"'+31(X)7+30(X)y:0.

an(x) ax

+ an_1(x)
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Theorem: General Solution of Nonhomogeneous
Equation

Let y, be any solution of the nonhomogeneous equation, and let y1,

Yo, ..., ¥n be any fundamental solution set of the associated
homogeneous equation.

Then the general solution of the nonhomogeneous equation is

¥ = ciy1(X) + Coyo(X) + - -+ + Cnyn(X) + Yp(X)
N T D )

. ks
where ¢y, Co, ..., Cy are arbitrary constants.

Note the form of the solution y¢ + yp!
(complementary plus particular)

February 8, 2018

20/27



Another Superposition Principle (for nonhomogeneous
eqns.)

Let yp,, Vps» - - -» Vp, b€ K particular solutions to the nonhomogeneous
linear equations

an an- 1 d
an) Y+ a0 T 4 a0+ ay = g(x)
fori=1,... ,k. Assume the domain of definition for all k equations is a
common interval /.
Then

Yo =VYpi t Yot Vp,
is a particular solution of the nonhomogeneous equation

an(x) ZZ}; + -+ ao(x)y = g1(x) + ga(X) + -+ + gk(X)-
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Example x?y” — 4xy’ + 6y = 36 — 14x

We will construct the general solution by considering
sub-problems.

(a) Part 1 Verify that

Yp, =6 solves x2y” —4xy’ 4 6y = 36.

-0 " \
UP. )(‘L\Or —U\)(\OFI + (9\3 <

o )

oy -ux(e) + 6 (C) = 36

U

February 8, 2018 22/27



Example x2y” — 4xy’ + 6y = 36 — 14x
(b) Part 2 Verify that

Yo, = —7x solves x%y" —4xy' +6y = —14x.
Yoo n I _
%, - F Ly, 4k, 1by

90 =0 (o) -y (1) +6( ) =

28 x -42 x = -4y /
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Example x2y" — 4xy’ + 6y = 36 — 14x

(c) Part 3 We already know that y; = x? and y» = x3 is a fundamental
solution set of (ociede?

xX2y" —4xy' +6y =0. € eqv -

o~ oy""ws
Use this along with results (a) and (b) to write the general solution of
x2y" — 4xy' + 6y = 36 — 14x.

By Ahe pracpts ) Spopre
‘,()P:bdplﬁ\o?z. : Q’ ~‘+X

3
T Cy\_e\( Mcv\x’ufj Solbom U \ac = C, XL.(, CZX

[¥]
The S(N/.,_k st ‘31 C.Xl‘f ¢, )(?f Q;"’ 1)( .

Ve t e
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Solve the IVP
x2y" —4xy' + 6y =36 —14x, y(1)=0, y'(1)=-5

-ﬂ'\l sevxua-\ oxldan M
Y= e+ (,'xj + G- ¥x

Yy =2 “3C, X -F
WGP G HL - F 20 G S1F0

G (0220 +3G - F oS 5 (3PS
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G+ =) 9C, +2¢, =2
a6 3G =T (A 3G 2)

—

-¢, =0

¢~ 1-¢ = -0 =1

Tie saldien & Mo WP s

= X+ 6 ¥y
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