February 13 Math 2306 sec. 60 Spring 2018

Section 6: Linear Equations Theory and Terminology

We’ll consider the equation

d" a1 d
an(X) G0+ an1(X) Gy e+ @(X) 5+ ao(X)y =0

and assume that each g; is continuous and aj, is never zero on the
interval of interest.

Theorem: If yy, y», ..., yx are all solutions of this homogeneous
equation on an interval /, then the linear combination

y(x) = c1y1(x) + caya(x) + - - + ckyk(x)

is also a solution on / for any choice of constants ¢, .. ., Cx.

This is called the principle of superposition.
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Linear Dependence

Definition: A set of functions fi(x), f(x), ..., f,(x) are said to be
linearly dependent on an interval / if there exists a set of constants
¢y, Co, ..., Cnp With at least one of them being nonzero such that

Cify(X) + Cofo(X) + - + Cafn(x) =0 forall xin /.

A set of functions that is not linearly dependent on / is said to be
linearly independent on /.
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Examples
We saw that f;(x) = x2, f(x) = 4x, f3(x) = x — x? were linearly
dependent on {oo, o0) because

4x2 —1(4x) +4(x —x®) =0 forallreal x

At least one (in fact all) of the coefficients are nonzero. By comparison,
fi(x) = sin(x), f(x) = cos(x) are linearly independent on (—oo, o)
because the equation

¢y sin(x) + cocos(x) =0 for all real x

is ONLY true if ¢ = 0 and ¢, = 0.

We would like a general tool to determine linear
dependence/independence at least in the case that we have
sufficiently differentiable functions (like the ones that solve differential
equations).

February 8, 2018 3/27



Definition of Wronskian

Let fi, o, ..., f, posses at least n — 1 continuous derivatives on an
interval /. The Wronskian of this set of functions is the determinant

f b -y

fl £

W(fi by D)) = | S
f1(”_1) f2(n—1) frgn—1)

(Note that, in general, this Wronskian is a function of the independent
variable x. )
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Determinants

a b

If Aisa 2 x 2 matrix A = [ c d ] then its determinant

det(A) = ad — bc.

a1 a2 a3
fAisa3x3matrix A= | axy as ao3 |, then its determinant
azy dz2 dss

det(A) = a11det[ 42 ax } ay det[ 21 823 ]Jra det[ 21
dz2  dass dasz1 dass ass
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Determine the Wronskian of the Functions

fi(x) =sinx, f(x)=cosx
Z ‘cld\l)—l,uy\s —_ Zx? b"\okr:‘\(
\ f‘ (%) £, 6o

\A(C,)ct)(y\ .
px(x) ‘L (X)

«

1

Qin ¥ Cos X
\ Cos x -QiaXx

T S (-SW\X\ — Gosx (C"-‘\‘)
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T _quix - Ges™¥
= - (S\V\ZX + Cb-‘zy)

.

\ﬂ(?.,m 0 = -
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Determine the Wronskian of the Functions
fi(x)=x%, BK(x)=4x, f(x)=x—x>

Y fondkions = 2x 3 makdy

f0 foo L
\d(wc.'(—,)g)(x\ z ' |
£'og Hby o

£ £, 6o (:3“(")

)(‘L YUy X - ¥*°
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. \‘{ \'Zx\ 4, \Zx -1x \ ) \ZX 9 \

o -2 2 -2 2 ©
: X1(q(-z)-o(\-2y\\ -4y <2x(-z)— 2(\-2><)) t (»f-x‘)(zﬂo)-z(“ﬂ}
< )(1("3) -Uyx (-V\\A _2_',\4»)43 + (X_X‘L\ (_%)

T -8y 4+ Bx -8x +8x"

= 0
\A)(Q.){'v.)-c33 )= O
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Theorem (a test for linear independence)

Let fy, &, ..., f, be n— 1 times continuously differentiable on an interval
1. If there exists xp in / such that W(fy, &, ..., fy)(X0) # 0, then the
functions are linearly independent on /.

If y1, ¥, ..., yn are n solutions of the linear homogeneous n order
equation on an interval /, then the solutions are linearly independent
on /ifand only if W(ys, ys, ..., ¥n)(x) # 0 for' each x in I.

For solutions of one linear homogeneous ODE, the Wronskian is either always

Zero or is never zero.
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Determine if the functions are linearly dependent or
independent:

2x

yi=¢€, yp=e% |=(—00,00)

LJC, Con OSL H\g \,er\s\iwv\.

\ V')?-
Wy, 4, 002 \ ’ \

]
W Y
X -2x
e e
¥
\ e 2 elsc
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z e’f (_zélxx _ f)/( <é2><>

.)( _>( ’>(
-le - e = e

s

\,\J(b“\’z)(\() : -3(,?( NON3LO

TN ‘p\/v\o\’*a\-\f A~ 91!\(&4—\) ‘Mc\,bfbxé.u,{"
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Fundamental Solution Set
We're still considering this equation

dn dnf1y
an(x )dx”Jr n-1(X )dx”—1

with the assumptions a,(x) # 0 and a;(x) are continuous on /.

d
o () ok +a(x)y =0

Definition: A set of functions y1, y», ..., ¥» is a fundamental solution
set of the n" order homogeneous equation provided they

(i) are solutions of the equation,

(i) there are n of them, and

(iii) they are linearly independent.

Theorem: Under the assumed conditions, the equation has a
fundamental solution set.
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General Solution of n order Linear Homogeneous
Equation

Let y4, ya, ..., yn be a fundamental solution set of the n'" order linear
homogeneous equation. Then the general solution of the equation is

y(X) = c1y1(x) + Caya(X) + - + Cpyn(X),
where ¢y, Co, ..., Cy are arbitrary constants.
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Example

Verify that y; = x2 and y» = x3 form a fundamental solution set of the

ODE

x2y" —4xy’ +6y =0 on (0,00),
and determine the general solution.

Le rwd Q"O'Ql\.@w ‘(\‘OL \6') %1

(8 S\e‘v\:\': swS  ad

ot Meg am Dintarly ndrpedontt,

Shou v, oA (}‘wx"lbv\ :

‘0‘_- Xl , \’)\l - 2)() Véin—- Z

Gt~ e, « g, = X0 )+ LYy
= 2%t -8x*t + Gx> =0
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\0‘ ] Soludionm

Shew Y, Sslbes the OPC .

VUL S

() e (3 + 67
K, uxy, +ot K () (3¢

2
- c,x's_ lZyg—f X

- O
Ss Yo Sl X ar wel\ .

(We Can Vs W \Jremell'on v Do 3(\'\15
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ove p,NQ‘-\.:) .\"é&é’%&\,\\— ‘

\3\ ‘31_
\A)(b‘)\j-:.) (o= ‘
\J\ \:)1.‘.
1 3
z \ X X \__ )QL(ZXL)—Z)((X})
22X 3t

Y
: 'SX\"'ZXQ\ z X

Y
E 0
\5)(‘:)1)\11,) X * \f\é}un’-\o‘/\/éﬁ,,*- (WRYS \'\D\IL o
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Nonhomogeneous Equations
Now we will consider the equation

dny dnf1y dy B
X" W—I—--'—G—&(X)a-i-ao(x)y—g(x)

where g is not the zero function. We'll continue to assume that a,
doesn’t vanish and that a; and g are continuous.

an(x) + an-1(x)

The associated homogeneous equation is

an y dn—1 y dy

dx’ W+"'+31(X)7+30(X)y:0.

an(x) ax

+ an_1(x)
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Theorem: General Solution of Nonhomogeneous
Equation

Let y, be any solution of the nonhomogeneous equation, and let y1,

Yo, ..., ¥n be any fundamental solution set of the associated
homogeneous equation.

Then the general solution of the nonhomogeneous equation is

Y = ciy1(X) + caya(X) + -+ - + Cnyn(X) + ¥p(X)
\/’\/—/

. e
where ¢y, ¢, ..., Cy are arbitrary constants.

Note the form of the solution y¢ + yp!
(complementary plus particular)
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Another Superposition Principle (for nonhomogeneous
eqns.)

Let yp,, Vps» - - -» Vp, b€ K particular solutions to the nonhomogeneous
linear equations

an an- 1 d
an) Y+ a0 T 4 a0+ ay = g(x)
fori=1,... ,k. Assume the domain of definition for all k equations is a
common interval /.
Then

Yo =VYpi t Yot Vp,
is a particular solution of the nonhomogeneous equation

an(x) ZZ}; + -+ ao(x)y = g1(x) + ga(X) + -+ + gk(X)-
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Example x?y” — 4xy’ + 6y = 36 — 14x

We will construct the general solution by considering
sub-problems.

(a) Part 1 Verify that

Yp, =6 solves x2y” —4xy’ 4 6y = 36.

X g = Uxy, oy,

X (o) - dx (0 16 (6) =36

Se ‘%P S a Pa_,\-{(p\\&,s gb(hf\"hf\,
)
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Example x2y” — 4xy’ + 6y = 36 — 14x
(b) Part 2 Verify that

Yo, = —7x solves x%y" —4xy' +6y = —14x.

\Oo' = "',’ Ly ! -
"2 X bh— qxth« 6\9\'1 .

. = 0 K0 -4x ()7 (3 =
28x -4y = -lYx

\OPL o @a;*&u—\o» Saludion
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Example x2y” — 4xy’ + 6y = 36 — 14x

(c) Part 3 We already know that y; = x? and y» = x3 is a fundamental

solution set of gssoeialed

x2y" —4xy' + 6y =0. e\

\;\,.l\-oaé,p»t"‘/
Use this along with results (a) and (b) to write the general solution of
x2y" — 4xy' + 6y = 36 — 14x.

3
Wer GO TG~ CX 4 G X
¥ S (-
Ry N prncph ) SepUrT =Yt ap, " 07 X
The s,ow\a)l S \nkioq + I ’\°‘\\'\°~cs,gweovf

N 3
cquakiom M 96Xt GX+ b Fx

February 8, 2018 24 /27



Solve the IVP

X2y" —4xy' +6y =36 —14x, y(1)=0, y'(1)= 5

S

Tt\_ YNAIO& g\\u\"s\ A'\ \'\'\t O%{
\/a-, C, X1+ 615(3+ Q—' 3')<

= Y's ALx+3ex =T

Beprong T L&
Yuy = G Ly = CLU3—5+ =3\ =0
C,+( -\ =0
Ci*Cy = |\
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Y'Y 2N+ 3N F =S
A+, - 2= S

AC, ¥IC = \2

Ci+ (= \ - ZC\+ 236(7.?2\
aC, +3¢, = \2 -Q;L_'\i
-C_=-10

C,.='0

Cg -‘\ -CL :~O|

= e VP o

The sludion

W= -C',X‘L-f \OX?-k (o_ q')(
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