February 18 Math 2306 sec. 53 Spring 2019

Section 7: Reduction of Order

We’ll focus on second order, linear, homogeneous equations. Recall
that such an equation has the form

a2 d
ap(X) 525 + (X)L + a(x)y = 0.

Let us assume that a>(x) # 0 on the interval of interest. We will write
our equation in standard form

&y

dy
o2 + P(x) X+Q(x)y_
where P = ay/ap and Q = ag/ ao.
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Y+ PX)% + Qx)y =0

Recall that every fundmantal solution set will consist of two linearly
independent solutions y; and y», and the general solution will have the
form

y = ciy1(x) + cayz(x).

Suppose we happen to know one solution y;(x). Reduction of order

is a method for finding a second linearly independent solution y»(x)

that starts with the assumption that W 1S~ Conglen t
dve o linee”

ya(x) = u(x)y1(x) indapeinden o

for some function u(x). The method involves finding the function w.
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Generalization

Consider the equation in standard form with one known solution.
Determine a second linearly independent solution.

d?y dy
W + P(X)

Swme i §oe Ssl.rk":o«\) we levoos et

dx +Q(x)y =0, yi(x) — —is known.

ta"' t Pw)b.‘ + Qaly, = 0

Acsune Yy, = UbDY, k) Subshtuke R e DE
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g, +Pay, + Q9 =0

' \ |
uw.'*‘P"“(“b‘+u\3'\+0(¥)u—\ﬂ' =0

" |
C““‘CC/\’ L~ ) (Vo o W ‘erns

W'y, + (ZU:_FD(,OU‘MA' + ((g:l+(>(x)‘3,l+@lx)\g\3u =0
—_— N — )(v\{ ()b\;

O// Y. Sowes

u"b\ + (2‘3.' + P‘“‘b\3l&' =0

Lk e b\t So Inet \/Jl=l/\4 . The egus N b
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W' \SN‘ ordan Jiaiar ond S‘epo{o.\eﬁ\(
YW g (2\3: + PM\\Q,BW =0

(,\.;\\ psSumt Yhat W0 o

YWt = (g0 ¢ Peag YW
1 dw 0y,
W ox Y (9‘ *PM‘J‘)
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(5w - - Si;—c;!;_s = (oo dx
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Reduction of Order Formula

For the second order, homogeneous equation in standard form with
one known solution y4, a second linearly independent solution y» is

given by
e—fP(x)dx
= V(X adx
=) [ oo

W (x)
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Example
Find the general solution of the ODE given one known solution

X?y" —3xy' +4y =0, y;=x°

Lell assume x>0 Shand o Krnl
U
" 3 \ vl S 0
- - \g hd %
é X —SP(x\A)c
_ '; W, whea W= e A)‘
9()3 - X 32- g S (‘3\\"

\
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cC = e = e = e . e i \X|
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\31-.(1\:)‘ = (_,\AX\Xi = 'Xz.Dw\\C

The 5cauo‘0~ solwhen 15

YW= c\xz-e C'LXIDV\X
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Section 8: Homogeneous Equations with Constant
Coefficients

We consider a second order, linear, homogeneous equation with
constant coefficients 0,0, C Cwsihonts
d?y  dy
a——>+b—+cy=0. a#0
a2 P Y

Question: What sort of function y could be expected to satisfy

y"” = constant y’ + constant y?

o
y=e Lor Consdmnd M

A\so s’\ql Cosiwes o Pglv(\o«.\‘.c\x
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We look for solutions of the form y = e™ with m

constant. \
Su‘OS\\\’V\L ‘o a\a\ + \o\o\ t C‘g =0

My
‘31 € o~ O\(M_"CM)‘)* \p(MeMY) * C(e,st = 0
lgl'- Mme
R RO

This hol2s V6 o osslaes

amt + \°M+ C:Q
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Ot +0me ¢ e called e Cherackenstic

Pb\‘gﬂohl& Lor Ahe ODE

Omttbme (20 1S

called MN. CharackeRs\ ¢ Qgga\\w\.
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Auxiliary a.k.a. Characteristic Equation

am®*+bm+c=0

There are three cases:
| b? — 4ac > 0 and there are two distinct real roots my # my

Il b2 — 4ac = 0 and there is one repeated real root my = mp, = m
Il b? — 4ac < 0 and there are two roots that are complex conjugates

my 2 :Oé:i:iﬁ
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Case I: Two distinct real roots

ay’ +by' +cy =0, where b?>—4ac>0

—b+Vb? —4ac
y =c1e™M* 4+ ce™* where myp= 22

Show that y; = e™* and y», = €™ are linearly independent.

L\)e, Ul -\\\:. \Jrons l-l-«.lo"\
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9 b, e me
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