February 20 Math 2306 sec. 57 Spring 2018

Section 8: Homogeneous Equations with Constant Coefficients

We consider a second order', linear, homogeneous equation with
constant coefficients

a2y
aW +bdx

Question: What sort of function y could be expected to satisfy

&

+cy =0.

y" = constant y’ + constant y?

'We'll generalize to higher order later in this section.
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We look for solutions of the form y = e™ with m

constant.
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Auxiliary a.k.a. Characteristic Equation

am®*+bm+c=0

There are three cases:
| b? — 4ac > 0 and there are two distinct real roots my # my

Il b2 — 4ac = 0 and there is one repeated real root my = mp, = m
Il b? — 4ac < 0 and there are two roots that are complex conjugates

my 2 :Oé:i:iﬁ
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Case I: Two distinct real roots

ay’ +by' +cy =0, where b?>—4ac>0

—b+Vb? —4ac
y =c1e™M* 4+ ce™* where myp= 22

Show that y; = e™* and y», = €™ are linearly independent.

\’\'el\l. M, # M, . Osine e dnelliow

v, Yy

MY eM-;_Y
c
= My M-LY

M\& M2e

\,J(ta./\g,_)(x\:

February 20, 2018 5/20



M\\( Me X MK MLX
- MzC ) w.e ’
(e (e
oM, e -M e
(”‘\-"Mz\)‘

\J(\)H\?‘b) (y} = (Mz-m\\ e

b W20 SUYTEE N TN

™M M, . adoma el
Renwe \aex‘mze 3“"0.('\'&

S%\M\'IS\ SJ.)V»

February 20, 2018 6/20



Example

Solve the IVP

y'+y 12y =0, y(0)=1. y(0)=10
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Case Il: One repeated real root

ay’ +by' +cy =0, where b?>—4ac=0

-b
y = c1€™ + coxe™ where m= Py

Use reduction of order to show that if y; = e%, then y» = xe%x
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Example

Solve the ODE
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Case lll: Complex conjugate roots

ay’ +by' +cy =0, where b?>—4ac<0

y = €**(cq cos(Bx) + c2sin(Bx)), where the roots

, —-b Vdac — b?
m=a=+ip, =5 and B_T

0(,? ane (eal A be g LJC\\ a\uﬁ\y' '\'u\'u. %>0 .
The solutions can be written as

Y1 — e(aJri,B)X _ eaxeiﬁx’ and Y2 _ e(afiﬁ)x _ eaxefi,BX'
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Deriving the solutions Case Il

Recall Euler's Formula:

e = cosf +isinf 0- el \olued

k‘)\ : ;x eLF% . :Y (C‘S(P{)*(S’m@x))
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Example

Solve the ODE )
‘th;(+4c‘;);+6x:0 .
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Higer Order Linear Constant Coefficient ODEs

» The same approach applies. For an n' order equation, we obtain
an n" degree polynomial.

» Complex roots must appear in conjugate pairs (due to real
coefficients) giving a pair of solutions e** cos(fx) and e** sin(5x).

» If a root mis repeated k times, we get k linearly independent
solutions

e™,  xe™, x2e™, ..., xkleg™

Y )

or in conjugate pairs cases 2k solutions
e** cos(Bx), e sin(Bx), xe“*cos(Bx), xe**sin(Bx),...,

xk=1e™ cos(px), xK~1e** sin(fx)

» It may require a computer algebra system to find the roots for a
high degree polynomial.
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Example
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