February 23 Math 2306 sec 59 Spring 2016

Section 8: Homogeneous Equations with Constant Coefficients

We consider a second order, linear, homogeneous equation with
constant coefficients

Py  dy

We seek solutions of the form y = ™ for constant m, and obtain the
characteristic (a.k.a. auxiliary ) equation

am® +bm+c=0.
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Auxiliary a.k.a. Characteristic Equation

am®*+bm+c=0

There are three cases:
| b? — 4ac > 0 and there are two distinct real roots my # my

Il b2 — 4ac = 0 and there is one repeated real root my = mp, = m
Il b? — 4ac < 0 and there are two roots that are complex conjugates

my 2 :Oé:i:iﬁ
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Case I: Two distinct real roots

ay’ +by' +cy =0, where b?—4ac>0

—b+ Vb2 —4ac
y =c1e™M* 4+ ce™* where myp = 2

Note that y; = €™* and y» = €™ form a fundamental solution set.

February 18, 2016 3/69



Example
Solve the IVP

y'+y —12y =0, y(0)=1, y'(0)=10

Charadershic eﬁ"‘ M+ m-12 =0 ™M = -4 'Lyr 5
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Uy 3x
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Case Il: One repeated real root

ay’ +by +cy=0, where b?>—4ac=0

y =c1e™ + coxe™ where m= ;—a

Use reduction of order to show that if y; = e_T'?, then y» = xeza .

- gPU‘) dy
g e

2w ax
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Example

Solve the ODE
4y//—4y,+y: O

C\l\mad—uls\lc Eﬁv\ L{V?' N \ =0

(Zm-\B =0
L epaoted cook
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Example
Solve the IVP

y'+6y'+9y=0, y(0)=4, y'(0)=0

Chrercdeishic Gn W elme§ =0
“{ual‘cé

roo&'

(meD?2 D = m=-3

-3y -3x
Y, e ‘gl‘- Xe
-3x -3x
G enona) So\drom Y= c,e +Cxe

-3 - -3
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Case lll: Complex conjugate roots

ay’ +by' +cy =0, where b?>—4ac<0

y = €**(cq cos(Bx) + c2sin(Bx)), where the roots

, —-b Vdac — b?
m=a=+ip, =5 and B_T

The solutions can be written as

Y1 — e(aJri,B)X _ eaxeiﬁx, and Y2 _ e(afiﬁ)x _ eaxefiﬁx'
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Deriving the solutions Case Il

Recall Euler's Formula:

e? = cosf+ising

X L(&x X
neos e ¢ : ( Cos px ¢ Sn GXB
- A% X =
kRz()‘) e e (g = e Cos \3)4 _LS\I\(%)(
ax

"\), e Cos(zx +¢@ €mP

.da
Vo= e Gospx - ¢ e Sapx
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Example

Solve the ODE )
d=x ax
o g T =0

CL\Q{‘&(}-‘—-‘\S\".G n {V\‘L +% M+ C, - O

¥ T_y.. Yy x |- Jt I
NURYIE 2 [TV RN I

2 2

me -2 £17 0 4=-2 V=r2
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