February 24 Math 3260 sec. 51 Spring 2020
Section 3.1: Introduction to Determinants

If Ais an n x n matrix, we defined the determinant of A, denoted det(A)
or |Al.

a a
> Ifn=2, det[ 1 12 :| = ay18p2 — a1 4aj2.
doy A2

» If n> 2, letting C; denote the i, j cofactor of A

n
det(A) = Z a;C; where iis fixed
j=1

equivalently

n
det(A) = a;C; where jis fixed
=
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A 4 x 4 Example

o 1 2 -1

2 5 -7
Evaluate det(A) where A = 0 3 & 2
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Cg1 and C41
1 2 -1
021 :(*1)2"_1 det 3 6 2
-5 4 -2
E) A 32 , 3 6
S {1\ Y ‘i\ - Z\-g —7_\*L ! -s w\}

T A (..17,—@ —Z(—(O+ID)“ (\’L‘\’?BB]

= 1 (-20 -8 -ur) = 20
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Cg1 and C41
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A 4 x 4 Example

0 1 2 —1

det 2 5 -7 3||_
0 3 6 2
2 -5 4 -2

O\Z\ CZ\ ¥ OLM\ CH\ - Q(Z}é\*’ (/L) (%g)

= Q(-s) = -20

February 21, 2020

5/18



Triangular Matrices
Definition:

The n x nmatrix A = [a;] is said to be upper triangular if a; = 0 for all
i > j. Itis said to be lower triangular if a; = 0 for all j > i. A matrix
that is both upper and lower triangular is diagonal.

Theorem: For n > 2, the determinant of an n x n triangular matrix is
the product of its diagonal entries. (i.e. if A = [a;] is triangular, then
det(A) = ay1do92 - - - an,,.)
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Example

-1 3

0 2

A= 00

0 0

00

7 0

3 6

A= 0 -1
4

\of
4 0 2 KS’-[ .vwﬁw
3 0 —4| v
3 7 5
0 -4 6 Ay (A= N @) ) (w) (C)
0 0 6 = (UM
%‘”\d)
..ov\r’
A

o> 2 (0 (
é)C&"CP\): G (2D (=)

Y2 (w = |68

DN OO
N O OO

February 21, 2020

7/18



Section 3.2: Properties of Determinants
Theorem: Let A be an n x n matrix, and suppose the matrix B is

obtained from A by performing a single elementary row operation’.
Then

(i) If Bis obtained by adding a multiple of a row of A to another row
of A (row replacement), then

det(B) = det(A).

(i) If Bis obtained from A by swapping any pair of rows (row swap) ,
then

det(B) = —det(A).

(iii) If B is obtained from A by scaling any row by the constant k
(scaling), then

det(B) = kdet(A).

'If row” is replaced by "column” in any of the operations, the conclusions still follow.
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Example: Compute the Determinant
L\;@\/\\ As v 5(31»0«3—\\3{\: -

; 2 ° 2 12 \ee ¢ Arocle oé— a5
-2 -5 4 -2 )
Chonges
N ‘
(:CJL& A)V“‘ rvxﬁlxr—‘\l
M\%"/W\a& ' Cravges
R s 12 1)

February 21, 2020

9/18



-2
O

-S

3
|

v -z
-3 )
5 2
2 -
“ -z
z -l
-
_.'3 ]
vy -7
2 -
o s

?ﬁ“"zz - @7_

R, & Ry

No chevgae

(AR C«\'\—O\N\%

February 21, 2020

10/18



WLB&)" z"\ (,'l>
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Lo (BY = -2 (i (3)(s) = 30O

Lo (& = ciy(en (- dax (&)
= AX(A)Y - ) dae) = -0
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Some Theorems:

Theorem: The n x nmatrix A is invertible if and only if det(A) # 0.

Theorem: For n x n matrix A, det(AT) =det(A).

Theorem: For n x n matrices A and B, det(AB) =det(A) det(B).
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Example

Show that if A is an n x ninvertible matrix, then
_ 1

~ det(A)’

det(A™")
e w A exisys,  dX(AY O
o _
ke Year AA = L e

A (T) = (\)/\ _

Ax(RA) = (Y - L
. ¥ AX(AB) =
AE(AY) L¥@)y =) LH(AY Lt (€)
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Example

Let A be an n x n matrix, and suppose there exists invertible matrix P
such that

B= P AP.
Show that
det(B) = det(A).
¥ dr (KB =
s (@ = dX(P'AP) Ak (A dek(s)

= Ak (P AN dx(ey
¥ Scale—r

= M@j‘) A)r(@> AJ& (P‘) M(,.Unf\'.ca\'\\\v\

Cgml\«l/ks— )
= _-\__ A&(?B A&(ﬁ() % See \ask
é‘Q/\’(P) <D A,e_, 'l
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