Oct 27 Math 2253H sec. 05H Fall 2014

Section 4.3: The Fundamental Theorem of Calculus

Theorem: The Fundamental Theorem of Calculus (part 1) If f is
continuous on [a, b] and the function g is defined by

X
g(x):/ f(t)dt for a<x <b,
a

then g is continuous on [a, b] and differentiable on (a, b). Moreover

This means that the new function g is an antiderivative of f on (a, b)!
"FTC” = "fundamental theorem of calculus”
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Recall our Examples
Evaluate each derivative.

(a) ;i/oxsinz(t) dt = sin?(x)

(b) d/xt—cost X —CoSX
ax J, t+1 x4+
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Chain Rule with FTC

Evaluate each derivative.

d (¥,
(a) dx/o £ dt

o

3
(x‘) (2x)

X(O(ZY)

3}
ARV

[

C\\a\n g Iy H‘ W:‘é(,‘)
ovd Y= fluy- P(gbé)
then
- f:l(%(y)\ %l(x)

I'\\'N- , ks )(1 aml

$loye |24
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(d ‘I’\XQ C/l,
(b) i( / cos(®) ot Propody of oleapets

a Y
Sf(@lé* = - Sﬂes&‘r
‘i (— chos(e‘)J%> ) )
1
= - Gs(x) ]
- cos (X¥)
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Leibniz Rule

Suppose a and b are differentiable functions and f is continuous.

b(x)
CZ'( /a(x) f(t)dt = f(b(x))b’(x) _ f(a(X))a,(X)

Example:

9 e =10m (55) - roren = W2 ot

2\/x 2./x
\
/ 1
4 5% L
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Example

Ax) = SI“X
g [oosx bix)= Gosy
Evaluate the derivative / 312 ot
dx sin x P8
(b): 3t

[

T 2
?) ( Cos X) (-g\,\x) -3 LS-)Ax) (Cosx)
— ) " — I

H/CM) (G5x) Hsmc\ (g I

- 3 CDSZ)‘ gv\'\)( - 3 S'u\lx C\)SX

'y
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Theorem: The Fundamental Theorem of Calculus
(part 2)

If f is continuous on [a, b], then

b
/ f(x)dx = F(b) — F(a)
a
where F is any antiderivative of f on [a, b]. (i.e. F'(x) = f(x))

5
Te evaloale SJ-\LX);X) -c'm cn ankl Au'uve-\-.,\r(. F(X)
By ond Fla), ompole b diffeund

e\)e\un.\—c

FloY- F(a) .
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Example: Use the FTC to show that [ x dx = &

Power (Wl & oak dedyetvy
'\P(X):‘)( " %M\
el 2 X - e\ ;"\t"
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S b
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<57
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Notation

Suppose F is an antiderivative of f. We write

/ " Hx) ox = F(x)I% = F(b) - F(a)

or sometimes

/ ’ f(x) dx = F(x)] = F(b) — F(a)

b 2
/xdx:x
0 2

For example

b 02 2

o 2 2 2
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Evaluate each definite integral using the FTC

2 3 3

(a) /023x2dx X

o

- 8-0

= 8
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«
(b) /cosxdx = Swx + |
T
S'm\”\-(—\ - (S'\v\%‘f‘l)
~ \
= SinT 4\ - S
z O - ‘I\’
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z

(e) /02(t+3)(2t—1)dt : S (26" + Sk -3) ¢
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Example

Use the second FTC to evaluate the derivative. Compare this to the
result using the first FTC with the chain rule.

d [cosx . 05X
ax / 3t? dt e | evalua\e S ?)E"A b ("\‘T\’ )
s

inx
Sinx

Faw bel be  dervetive

Co{y 3 Cof)( J 3
[Tedb- &« (e - ()
S‘mx Sinx
Corx 3 3
= i ((Co ) - S\/\X))
So gcl.; S -&l’,lc\)( = X 33% (

s'n'\)(-
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3oy (im ) = e} (Cone)

T =3 CusX Siax = D Siax Cosx
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Caveat! The FTC doesn’t apply if f is not continuous!

The function f(x) = 2 is positive everywhere on its domain. Now
consider the calculatlon

&
/21dx_x-12 1,8 Lo
X AT 2 T e <
e L&
. A af

Is this believable? Why or why not? 28N
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