Sept 4 Math 2253H sec. 05H Fall 2014

Section 2.2: The Derivative as a Function

Definition: Let f(x) be a function. Define the new function

F(x) = ,LiLnO fix+h)—f(x) _ im f(zz) : i(x)

called the derivative of f. The domain of this new function is the set
{x|xis in the domain of f, and f'(x) exists}.
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Remarks:

» if f(x) is a function of x, then f'(x) is a new function of x (called
the derivative of f)

» The number f'(a) (if it exists) is the slope of the curve of y = f(x)
at the point (a, f(a))

» this is also the slope of the tangent line to the curve of y at
(a,f(a))

» “slope of the curve”, "slope of the tangent line”, and "rate of
change” are the same concept

Definition: A function f is said to be differentiable at a if f'(a) exists. It
is called differentiable on an open interval / if it is differentiable at each
pointin /.
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Notation

If y = f(x), the following notation are interchangeable:

fxX)=yx)=y = Zﬁ(/ = g)’: = Cz(f(x) = Df(x) = Dxf(x)

Leibniz Notation:  lim 2Y — %
Ax—0 AX ax

You can think of ;( is an “operator.”

It acts on a function to produce a new function—its derivative.
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Example
Find & if y = v/x and determine it's domain.
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Failure to be Differentiable B, dobinihen
Show that y = || is not differentiable at zero. ol {L\) W30
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Failure to be differentiable: Discontinuity, Vertical
tangent, or Corner/Cusp
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Theorem

Differentiability implies continuity.

That is, if f is differentiable at a, then f is continuous at a. The corner
example shows that the converse of this is not true!
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Higher Order Derivatives:

. Cooady
First derivative: wx V= f'(x)
: A d dy d2y A/
Second derivative: i A '(x) ¢J‘W¢o R
; S ativa- d dy dsy_ e g 0‘"0/, J‘r
Third derivative: — —5 = —L =y" = f (x)/? 9,
d &y dYy

Fourth derivative: = y® = f)(x)

dx dx3  dx*
n—1 n
d d%y 9V _ ) o)y

th TR,
n'" derivative: — =
dx dxn1 adxn
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Section 2.3: Some Differentiation Rules

The derivative of a constant function is zero.

d
aC_O

The derivative of the identity function is one.

ix—1
dx=

For positive integer n, the power rule says

d
—x" = px"1
ax
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Evaluate Each Derivative

i — In \f (,,.rAFXDV\,"
() ax 3r= 0

91
B S=9x g,
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More Derivative Rules

Assume f and g are differentiable functions and c is a constant.
Constant multiple rule:

Sum rule:

Difference rule:

d

— cf(x) = of (x)

d ! /
gx FX) +9(x)) =F(x) +g(x)
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Example: Evaluate Each Derivative

d d M l 1

@ &' = 5 x - 53
Y d 1

: ;A; X 3 g X

s Yy —3(2;") z ‘-’IX'GX

304 + 4 J
(b) ;{(2X3+3X2—12x+1): ;)CZ)( + Jx SX - i 2% 4‘”(\

3 A k3 A A
"Q?’xx 4’350)(—‘12-;"(-&_)(“

c (3 #3 (x) o121 +0 = bxrlx =Y
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Example

If f(x) = 2x3 + 3x% — 12x + 1, find all points on the graph of f at which

the slope of the graph is zero.

e wort +o Find  xovalues  ob OWi 'C.(X):O‘

0: Floo: Gytebx -2 = G(ex—2)

\

0=b(x—1)x+2)

= Xz or A= L

\a-\/a\\rLS
A
Loy = 01) + 3(13'420)-4—\ = -G
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Even More Rules!

Assume f and g are differentiable functions and n is any real number

Product rule:

I 10g(x) = F()g(x) + (g () = g + 't

Quotient rule:

d f(x) _ f(x)g(x) - f(x)g'(x) _ fg—-g'f

ax g(x) (9(x))? g2

General Power rule:
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Example
Evaluate '(x) two ways where f(x) = x2.

Using the power rule.

g (X)" sz-' :D\‘y

Write f(x) = xx (x times x), and use the product rule.

£t :(§x> X 4 %(fix)

slxowxel s wex 2y
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Example
Find % given

y = (2x34x)(x"—14) Using bne preduck Ry

-
1 ' 1-r wXx -0
fl‘ﬁ: (Q»x—r\\(xr"”‘\*(zx <) ( )

< (Lx=)) (-1} + X (2x"+5)
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Example
Find % given

B X+ 1
X2 4 2x

dy . ) (F42x) - (x+) (2x+2)

-

dx (x"-flx)t
* (ZXL#W*“‘) X - 2
. X4y - : —
(X—L‘(’z)‘)" (\(1_4‘2)()
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