January 14 Math 2306 sec. 54 Spring 2019

Section 2: Initial Value Problems

An initial value problem consists of an ODE with a certain type of
additional conditions.

Solve the equation

dy / (n—1)
dxn*f(xmyvyu"'vy ) (1)

subject to the initial conditions
y(o)=yo, Y(x0) =y, -,y (x0) = Yos. ()

The problem (1)—(2) is called an initial value problem (IVP).

Ton some interval / containing xo.
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Example

Part 1: Verify that x = ¢4 cos(2t) + ¢, sin(2t) is a 2-parameter family of

solutions of the ODE
x"+4x =0.

X= €, Gor (28) + G S (20)

¥t 226 Sin(zk) + 2Cq Cos(2k)

W' Ue, Gos (28 -YU €y Sinl2t)

Subsh i

x4 Yy = -Uc, Gos (W) —UGSn(2b) + Y (c‘co;(u«j + G SM(ZE)B =
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*-Ye, G () U g Sa2b) + U, oo (26) + Yoy Sn (28)
= G (24) (—Mc. +qc,\ + Swa(2t) (.Mg +Hct)
= 0+0 =0

Se  ¥X= G Car(z'n + C?_SV\ (_2{’) s 2-PQMML-L(,\'

rcﬂ"‘\'\j °(‘ S lodhons
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Example

Part 2: Find a solution of the IVP

x"+4x =0, x(%) =-1, x (g) =4

e krow thad e ¢ aolan + € Sn(2) lmpose
Pre nkiel Gadibone

x': -20 Sinl2ly +2¢, Gs(2V)

(3)- o2 D) rensalz D) « -|

G(-) + (o =)\ > ¢,
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K(T) - -20,5a(2D) ¥ 266G TR) = 1

e (0 + 26 () =D (-2

The slbion o Yo NP s

(= Cos(2t) - 25 (2¢)
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Existence and Uniqueness

Two important questions we can always pose (and sometimes answer)

are

(1) Does an IVP have a solution? (existence) and

(2) If it does, is there just one? (uniqueness)

2
Hopefully it's obvious that we can’t solve (dy) +1=—y2
ax
-
Y ¢0
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Uniqueness
Consider the IVP

ay B
=Xy y(0)=0

Verify that y = % is a solution of the IVP. And find a second solution of
the IVP by clever guessing.

Solving an IVP means satisfying a differential equation AND satisfying
an initial condition.

Show that y = X—B satisfies the initial condition: (w~ x=0, y=0
\1

Y (o) %.,‘ : % =0 Yy e saticky e 1c.
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Show that y =

ay B
a—x\/y’ y(0)=0

x solves the differential equation:

3 3 " *
4 W' x| =S_>_<_ s I 38
e g o Ve lo Y 4

dx lo
AJ- < )(,5\9. 2
dx 3 x .
X’ e )t<1 T
X9 0

fQ P PR SN “O‘M“\ \\l ()

January 11, 2019

8/23



ay B
&—X\/J_’ y(0)=0

Find another solution to the IVP. (Hint: Think about really simple
functions like a constant function.)

‘a()()'.; (®) s 4 %\w\ﬂ\v\ .

et 9o D 3—3:0 ond Xr")—‘-xﬁ—'o
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Section 3: Separation of Variables

The simplest type of equation we could encounter would be of the form

ay
ax 9(x).
For example, solve the ODE
2 )
Vi 467 +1. Y .
=g+ x+(C

Tk.: NS a oS PWM\Q_(— ‘pc'vu\\) 0(' S'n'u\\.w\?‘
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Separable Equations

Definition: The first order equation y’ = f(x, y) is said to be
separable if the right side has the form

f(x,y) = g(x)h(y).

That is, a separable equation is one that has the form

dy
o = 9)h(y).
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Determine which (if any) of the following are separable.
ay _ s

(a) dx Xy Tws S Se‘; o~ A .
400+ 9(3 d WG
(b) Z)}: =2x+y Thes 05w Sepansile

Mok, fom exomPll X4y = X (Z* %)
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