Jan. 20 Math 2254H sec 015H Spring 2015
Recap of Sections 6.2*—6.6

New Differentiation Rules:

d _ 1 d ox _
a Inx = X € = eX
du
d _ dx d Au _ u du
wxhu = ax € = %
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du
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du
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New Integration Rules

J% = Inju+C, [e'du = e+ C
fatdu = & +C,
[ = sin'(Y)+C
\/ﬂ - (a)+ )
fazt-j:u2 = %tan71 (g) + C’
[ = Lsec |4+ C

For the second formula, we assume a > 0 and a # 1. For the last
three, we assume a > 0.
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Examples
) AR = = (a1 3
(a) /m 2 e(d-ze) Y
e T4 ()
J = e x- |

du= dX

e ()
: SA(Z;L) + C
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Examples

4 ax | A
b / _ = - S
(b) 2v2 XVXx2 —4 2 o
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Some New Limits
The Natural Log:

lim Inx = —o0, lim Inx = o0
x—0t X—00
Exponentials:
. 00 a>1 . 0 a>1
lim & = ’ , lim & = '
X—00 0, O<ax1 X——00 oo, O<ax<1

The Inverse Tangent:

. _ m . B
lim tan—' x = lim tan

1
X—00 2’ X——00

X=—

NS

The number e as a Limit:

; 1/x _ ; £ n: r
)|(IEIO(1+X) e, lim (1+n> e

n—oo
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Section 6.8: Indeterminate Forms & I'Hospital’s Rule

We know that both
lim(x® ~1)=0 and lim(x—1)=0.

Xx—1 x—1

2 _ . 1) (X+1)
Evaluate IimX 1: 9““ (XL

x—1 X —1 X9 | % =)
< - X4\ = 2
A\

2

And even though 2 is not defined,  lim -1 _ 2.
x—1 X —1
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Evaluate Each Limit if Possible

. sinx
lim = |
x—0 X
im =9 . he ()
X33 (X — 3)2 w+3  (x-3)(x-3) e»i‘s)(
’\Q
. D xt3 ot
x93 X3
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The form 2

X2 -1
lim =
x—=1 X —
. sinx
im — =1
x—0 X
2
. X<—9 o
lim o doesn’t exist
xX—3 (X — 3)

We see the form 0/0 when taking this limit. But the limit may or may
not exist. And if it does, the form doesn’t tell us what the limit might be.
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0/0 is called an Indeterminate form.

Other indeterminate forms we’ll encounter include

+oo

Too X O0co, 1, 0° and odl.
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Theorem: I'Hospital’s Rule

Suppose f and g are differentiable on an open interval / containing a
(except possibly at a), and suppose g'(x) # 0 on /. If

lim f(x) =0 andlim g(x)=0

X—a X—a
OR if
)I(ana f(x) = £o0 and )I(anag(x) = +o00
then

- fx) . F(x)
Mgt~ e g(x)

provided the limit on the right exists (or is co or —o0).
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Evaluate each-limit if possible

"

o '
0o LR e
Jie- _1_ 1

PR \
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. —x
(b) Xll_>n]oo xe - M . o
- l“r— _2(__ - _Do_-
X'),h 6)‘ Do W\‘O Q\ \.-\
cto
) |
< ,Qw\ —x/ = 0
&TS e
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< }u,\ S\\’\)(
X=0 ZX

. o

“ o

. A~

X3 0

opply Q \H reQq

Qinx
x20 X

QH rds agenn

U

Cosx

Nl
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I'Hospital’s Rule is not a "Fix-all”

" "

cot x " O 2'“ vl

Evaluate lim =
x—0+t CSC X P
1] ‘)
- fin - Cex | P Csex Ll L)u\‘\
_ po \
A0t x40t Co¥ X
0 - Csex OA’X © 1’ le
ot
J'u\., -Csex G x < -’0’_- 2‘
b - 3
o0t TCstx X301t CseX
CosX
Cotx . (S Cos X 2 f"‘\ C_—"“ < "o"\_\* Cosx =
cex gL_x x=01 Csex X0
Y2
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Don’t apply it if it doesn’t apply!

x—»2x2 -3 1

BUT

axrd) 1
xX—2 %(X2 -3) x—2 2X

FNGJEN

() January 16, 2015 15/23



Remarks:

>

I'Hopital’s rule only applies (directly to the forms 0/0, or
(£00)/(F00).

Multiple applications may be needed, or it may not result in a
solution.

It can be applied indirectly to the form 0 - oo by turning the product
into a quotient.

Derivatives of numerator and denominator are taken
separately—this is NOT a quotient rule application.

Applying it where it doesn’t belong likely produces nonsense!
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The form co —
Evaluate the limit if possible

lim i ! = ’ ’
xoi\Inx  x—1) ~ »-®

} ol 2
()(-\) Qn x

%9 |

| =%

—_—

Wy t (x-1) J’z

fim

X9 |

- )QIA—\ _x_i——’—
=) y},\)d + X"

as x-) \1—

af LA \

Uw X‘\r“ [T

u ‘"

ow AP
ogon

o|o
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Indeterminate Forms 1°°, 0°, and oc®

Since the logarithm and exponential functions are continuous, and
In(x") = rin x, we have

fim,F0) = &xp (n fim, F0) ) = exp (fim, n F))
provided this limit exists.

9.

To @VO\UO\-(, x'-;\o- \:()()) evaluake

I~ ) Feo Pea e)cfomcv\,\"\ak-(,'
- A )
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Use this property to show that

I
lim(1+x)"/* = e : ooy
x—0 | m " S )(

X 00 \,\}d" N c\‘e}l\ Qo"h
LA-\ ] v 4 o
(l+x) = 1L T o
X30

T Fha nobuest oy

L
X

(14 = T a(1%)

fo- X Jem W00 0
‘ QV‘(“"X) : X6 X 0
Y20
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_ 5 e )
b~ Pon (14X wro = -
X=0 |
E)(‘,QN,\;\"\#\C
L
X \
S~ qex) =€ ce
X0
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Evaluate

(]

lim x* .
x—0* 0
X
.0.»\__ QV\ )( -
X4 6t

S B

- I:M x
E voluele X5 o+ va‘)(
QW\ x Dnx 0 (‘ Do)
Y407
o "
far & Ose
\
X
L.
X . Q"_ A _(_ X‘L)
N ) X
;z_ xso0t
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