January 24 Math 1190 sec. 62 Spring 2017

Section 1.1: Limits of Functions Using Numerical and Graphical
Techniques

Definition: Let f be defined on an open interval containing the number
¢ except possibly at ¢. Then

lim f(x) = L

X—C

provided the value of f(x) can be made arbitrarily close to the number
L by taking x sufficiently close to ¢ but not equal to c.
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One Sided Limits
Left Hand Limit: We write

lim f(x) =L,

X—C™

and say the limit as x approaches c from the left of f(x) equals L,
provided we can make f(x) arbitrarily close to the number L, by taking
x sufficiently close to, but less than c.

Right Hand Limit: We write

lim f(x) = Lg

x—ct

and say the limit as x approaches c from the right of f(x) equals Lg
provided we can make f(x) arbitrarily close to the number Lg by taking
x sufficiently close to, but greater than c.
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Observations

Observation 1: The limit L of a function f(x) as x approaches c does
not depend on whether f(c) exists or what it's value may be.

Observation 2: If )I(l_ngc f(x) = L, then the number L is unique. That is, a

function can not have two different limits as x approaches a single
number c.

Observation 3: A function need not have a limit as x approaches c. If
f(x) can not be made arbitrarily close to any one number L as x
approaches c, then we say that )I('an f(x) does not exist (shorthand

DNE).
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A Limit Failing to Exist

0, x<©0

1, x>0~ L_"—"“Cr—ﬁ

We determined using a graph that

Consider H(x) = {

lim H(x)=0, and Ilim H(x)=1.

x—0~ x—=0%

Since there is no unique number L such that H(x) gets arbitrarily close
to L when x is sufficiently close to zero, it turns out that

lim H(x) Does not exits.
x—0
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Weakness of Technology
Suppose we wish to investigate

. . T
lim sin (—2> )
x—0 X

We consider values of x closer to zero, and plug them into a calculator.
Let’s look at two attempts.

x [ sin (%) x sin (%) v
01 0 N -2 1 0707 | [
—0.01 0 Q«V\‘J —2 ] 0707 | guvf
2
—0.001 0 [T —33 0.797 P
0 | undefined | pw- 0 | undefined ’>r°q,
0.001 0 PP Z | 0707 | ©
0.01 0 & | 0707
0.1 0 z 0.707
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Weakness of Technology
In every interval containing zero, the graph of sin(r/x?) passes
through every y-value between —1 and 1 infinitely many times.

r 1 for ’vv‘k §

¥°

Figure: y = sin (%)
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Evaluating Limits

As this example illustrates, we would like to avoid too much reliance on
technology for evaluating limits. The next section will be devoted to
techniques for doing this for reasonably well behaved functions. We
close with one theorem.

Theorem: Let f be defined on an open interval containing ¢ except
possible at ¢. Then
lim f(x) =L
X—C
if and only if
lim f(x)=L and lim f(x)=L.

X—C~ x—ct
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Limits from a graph
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Evaluate Ilim f(x)

xX—1-
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Limits from a graph
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Question o

Toa B9 g
B i () /0 v v
(42)” .} fa
/ . / (63
S
=2 Qe
[ i\(l, 2/
-4 ,-f'l./
y=1fx) —6-— W
x“an11+ f(X):
(a) 4 (b) -2 (c) DNE (d) 1
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Section 1.2: Limits of Functions Using Properties of
Limits
We begin with two of the simplest limits we may encounter.

Theorem: If f(x) = Awhere A is a constant, then for any real number
c

- - \ .\s\"'”k
lim f(x) = lIm A=A g’ a0
X—cC X—c of v c
Wl yon

Theorem: If f(x) = x, then for any real number ¢

lim f(x) = limx=c
X—C X—C

1
e
/L
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Examples

i — . L a (oh(\'wk
(@ lim7="} Dk o

y ve know b 3 = 30

x= ©
(b) lim 37 = 3«
X—mt
c im x= - Sww fe iz e
©) x——/5 R " X C
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Question

4 - 91’\ X < "(
@ Siea x4

(d) the one sided limit can’t be determined
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Additional Limit Law Theorems
Suppose

)I('an f(x) =L, )I(incg(x) = M, and k is constant.
Theorem: (Sums) )I(iLnC(f(x)Jrg(x)) =L+M
Theorem: (Differences) )I(i_n}nc(f(x)—g(x)) =L-M

Theorem: (Constant Multiples) )I('an kf(x) = KL

Theorem: (Products) )I(l_ngc f(x)g(x) = LM
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Examples
Use the limit law theorems to evaluate if possible

i - ~ ~ 7 [PY' 5N
(a) )!'an(3x+2) N T 'f(_,z S
X9 2
: §w x + h Cone¥en b
3 > FETS e
=R (2) + 2
T 6+ 2 =39
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Examples
Use the limit law theorems to evaluate if possible

(b)  lim (x+1)2

.~ X ¢ ,0'.:\ \
Cons\den 2:—3 bertd = x> 3 =3
T34\ = -2
Se 34.\ . roAMU"
Be (x1) s (fl:} ("+‘)>' (x-\-z O \3 erP"kj
X3
= (D) = Y
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Examples
Use the limit law theorems to evaluate if possible

XxX+2, x<0
(c) lim f(x) where f(x)= 1, x=0
x=0 2x -3, x>0

F

. - oaly !

e l(_/‘ow Q)(‘;\O —p(") = L ! P Né o
[ - s I~ -
o 0" ,F(,‘)_ L o X~ 0

}u\ ‘(\ - le'\ (‘1-4'7/) < }"\ X + ﬂ"'\_\_z
X4 0" 60 X= 0~ X0~ X0

=0 + 2 = 2
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b 0~
2¢ -3) * Y - 3
Y50 C(\L) ( % vao* Coor
_ Dine i3
=2 /0,('.)0-« ¥ X0~
t 2:0 -7 = -3
Le e
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b Py DwoE
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Question

X241, x<1

(1) lim f(x) where f(x):{ 5y

x—1

(@) 4 s b coge dnat

(b) 2 e g f':_ (@) = 2
(0) 1 £~“ frg< =, 3 =2
(d) DNE
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Additional Limit Law Theorems

Suppose )|(IL1>’IC f(x) =L and nis a positive integer.

Theorem: (Power) (f(x))"=L"

lim
X—C

Note in particular that this tells us that )|(IE10 x"=c"

Theorem: (Root) )I(iLnC\”/f(x):\”fL (if this is defined)

Combining the sum, difference, constant multiple and power laws:

Theorem: If P(x) is a polynomial, then

lim P(x) = P(c).
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Question Pek: W Por: 3¢-ax +3

(B8x2—4x+7) =

(1) lim )
o P(?,) 2@ M2+ ¥

= (2-]Q + o=l
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Notation Reminder

The notation )I(@C is always followed by a function expression and
never immediately by an equal sign.
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Question

(2) Suppose that we have determined that lim f(x) = 13.

X—=7

True or@ It is acceptable to write this as

" lim = 13"

X—7

Tios ¢ Ll writhing I
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Additional Limit Law Theorems

Suppose )I(imcf(x):L, limg(x)=M and M#0

X—C

Theorem: (Quotient) )I(inc;(())(()) = %

Combined with our result for polynomials:

Theorem: If R(x) = qE g is a rational function, and c is in the domain
of R, then

lim R(x) = R(c).

X—C
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Examples

2
. X 5

Evaluate Ilim Xt

x=2 X%+ x — 1

o

@( ) - 1Y ra‘\low&
d Xbtex = |

427 2te2-1 = Y+2-1= S #0

. ; .
T A Somen “‘}(SJ 218 e doron

2
So Qe XS AL
X202 ey - | +2-\ S
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Examples

Evaluate I|im X+1
x—=1 X+5
")“\'L Ql"“ ()(*S) = \-\'S :(a ( xt+$5 f a..(n\b'\oa-l&/)
X |
also [N (xe)) =141 22 & }M‘j1+\ :ji
X | X |

Reew Q. 4 x4 2

X=| X+S b
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Additional Techniques: When direct laws fail

2

Xc—x—-2

Evaluate if possible Im ————
P X—2 X2 —4

T - - N -\ Lo
b Qups KD o s maneeet
xt -4 , :
yoa B Gomom BE
'\g w (AN
UAQN"RM"C\‘j ) ¢

2t-u=0.

Vo 27'_2'2"‘0

: x-2 1§
Qe 15 *roo\' Os' D‘M’\ (’Q\)noh«#q")

o f—adn\r/
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Additional Techniques: When direct laws fail

Evaluate if possible  lim yX+3-2
x=»1  x—1

pae A=y e J~ (x5 -2)=Jw7-2=0

% | %3\

. - c
g'IV\(e “'K I-DP o 3“0 @ %:\) we Ceoa x\AV\\(' o

Y-\ 1N (1N ‘pad-or " 1A Some Sense .
wQ'-\\ Coax .l‘\— s+ \,b f‘e-\"wv\&\;‘.ns .

well o e gk Txr3 €2
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Question

Evaluate if possible

(b) v2

(c) DNE

(£)

im X2 _ . Q-»(X—l\.(ﬁﬁz)
X—>2\/)7—\/§ X272 G'ﬁ rx—{?‘?’

g x-2y(w +3v)

\
X251 )( g z

- 91\1 (\Yi.‘.ﬁ) Y)Y .(,E < QE

X
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Observations

In limit taking, the form " %” sometimes appears. This is called an
indeterminate form. Standard strategies are

(1) Try to factor the numerator and denominator to see if a common
factor—(x — c)—can be cancelled.

(2) If dealing with roots, try rationalizing to reveal a common factor.

The form
, honzero constant,,

0

is not indeterminate. It is undefined. When it appears, the limit doesn’t
exist.
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