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Section 6.1: Inverse Functions

Definition: A function f is called one-to-one if

x1 6= x2 implies f (x1) 6= f (x2).

A one-to-one function can’t take on the same value twice!

e.g. f (x) = x2 is NOT one-to-one because f (1) = f (−1) even though
1 6= −1.

e.g. f (x) = x3 IS one-to-one because the only way x3
1 = x3

2 is if
x1 = x2.
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Horizontal Line Test

A function f is one-to-one if and only if no horizontal line intersects the
graph y = f (x) more than one.

Recall that the vertical line test tells if a graph is that of a function. The
horizontal line test can be used to tell if the graph of a function is that
of a 1:1 function.
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Graphically: One to one functions pass the Horizontal
Line Test

Figure: A function that is NOT 1:1 (left) and one that is 1:1 (right).
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Theorem on one to one functions:

Theorem: If f is differentiable on an interval I, and f ′(x) > 0 for all x in
I, then f is one to one on I.

Question: If we change the condition f ′(x) > 0 to read f ′(x) < 0, can
we still conclude that f would be 1:1?
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Exercise: Prove the previous theorem by contradition.
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Inverse Functions

Definition: Let f be a one-to-one function with domain A and range B.
Then f has an inverse function f−1(x) defined by

f−1(y) = x if and only if f (x) = y .

Remarks: (1) The domain of f−1 is B (the range of f ).
(2) The range of f−1 is A (the domain of f ).
(3) The notation f−1 does not mean ”reciprocal”.
(4) The following relationships hold:

f
(

f−1(x)
)
= x for each x in B, and

f−1 (f (x)) = x for each x in A.
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Example
Identify the range and find the inverse function f−1. Verify one of the
properties in (4), for

f (x) = x2 + 6x , where A = {x |x ≥ −3}.
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