Jan. 6 Math 2254H sec 015H Spring 2015

Section 6.1: Inverse Functions
Definition: A function f is called one-to-one if

X1 75 X2 implies f(X1) 75 f(Xg).
Definition: Let f be a one-to-one function with domain A and range B.
Then f has an inverse function 7~1(x) defined by

f'(y)=x ifandonlyif f(x)=y.
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Figure: The graph of {1 is the reflection of the graph of f in the line y = x.
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Continuity and Differentiability

Theorem: If f is one-to-one and continuous on an interval, then its
inverse f~! is continuous.

Inverses of continuous functions are continuous.

Next: Let f be 1:1 with inverse f~! and suppose
flb)=a ie. f'(a=0¢t

Theorem: If f is differentiable at b, and '(b) # 0, then ' is
differentiable at a and

() January 5, 2015 3/27



Example
Consider

fx)=x2+6x, x>-3 with f'(x)=vx+9-3, x>-9.

Evaluate the two derivatives
/
f(1), and (f—1) (7).
Oy V46 =

.

L0 2x+6 ; Gf\)(x): 7 (X+4)

Vo
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Plausibility Argument
Suppose f/(x) # 0, and consider the fact that 7~'(f(x)) = x. Use
implicit differentiation to conclude that

() () = f,zx)-

A — a .
S ('Pb‘)) = X (AN ;;( o(— \N\L\ SV

Jix [Qﬂ(?w)] : déx EX

() (k) $00 |
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<) | -—‘_ _F(B‘ - q
(0‘) < | ‘CM‘
Example G ) £y

f(x) = x3+3sinx+2cosx. Find (f*1)'(2).

Need b sud that  floy =2

7: b 43S (@r26s(b)y = L=o
b\a obsef\’“’Hm"

/
:? (X)‘-— 3)(2-4-’56:5)( - Zg'\r\){

(It's not necessarily obvious, but f is one-to-one.)
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fra: 30"+ 3Culy - 240 (o) = 3

-\ I —\___ ] 1
G: B(Z): g'(o\ 3
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Example G\)'(a)-. ;CJ’T;,) B Cp-a

f(x):/3X4t dt. Find (f—1)'(0).

Need b Sw ol ‘Fu’): 0

b
0= Yk‘iko‘k = b=3

3

g x
?l(%):ﬁfqué :L|

3
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Section 6.2*: The Natural Logarithm

We know that

Xn+1
/x”dx: +C
n-+1

provided n # —1. But we have yet to know how to understand

/1dx.
X

We begin with a definite integral.
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Definition of the Natural Logarithm

Let x > 0. The natural logarithm of x is denoted and define by

XA
Inx = — dt.
nx /1tdt

By the Fundamental Theorem of Calculus, we immediately get
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A Geometric Interpretation of the Nature Logarithm

39 .

5 G | In(x) >0 x=1 In(x)<0

In(x) = area In(x) = —area

| T T , T ; )
i 1 X2 3 0t 4 0 ox ot 2 3t 4

Figure: In(1) = 0, In(x) is positive for x > 1 and In(x) is negative for
0<x<1.
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Properties of The Natural Log

Let x and y be positive real numbers and r be a rational number.
1) Inxy)=Inx+hny, @ In (;) —Inx—Iny, and

3) In(x")=rInx.

3 4
Example: Expand the expression In [(X + 2X) COS(2x)}

VX sin x

o [0 620) = I [ S
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¢ Qw (3(34«&)“I + 9\,\(&8(2"” - (erx t DV\(S“V‘X)\)

= (YG-PZX)H*wQM((‘oS (29) - QV\X’II - Qm(%-f\)(>

= Q\,\ ()(11—2)4) t 9\'\(&;(7»0\ - -\{j’\X - 9'\6\"")
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Properties of The Natural Log

lim Inx = —o00, and lim Inx = oo.
x—0+ X—00

¥y=Inx

\ )
o o ot "

—a (on

Figure: Plot of the natural log function.
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Definition: The number e

e isthe numbersuchthat Ine=1

y=Ihx

J =11

|
|
I
1
1
1 2 g 1 4

Figure: The number e =~ 2.71828183
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Differentiation & Integration Rules

d - 1du d B f’(X)
d 1
() gInlxl=—. and

@) /ixzmmc
1§ xco, brew X1z =% . S fulx) = B (-x)
J T
2hils F (02 = o g
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Examples
Evaluate the derivative.

0 2
D r2xd2) - I lx®

(@ —
d
X X°'+Zx1+2

_ Seex bamx
In(sec x) -
Sec X

ax

= ko-x

Ths ‘,m\hc
This ¢ ! K%mﬂx G\X = Qv\\g;(,xl{'c
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Evaluate

@ [

du= Zx Ix
LA ’)0))0
L
| 2
~
i 3 & ?\% : —‘7: ,Qv\\ln\'('c
2
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