Jan. 8 Math 2254H sec 015H Spring 2015

Section 6.2*: The Natural Logarithm

Definition: Let x > 0. The natural logarithm of x is denoted and

defined by
X
Inx:/ 1dz‘.
1t

We determined that
» In(1) =0,
» In(x) > 0forx > 1,
» In(x) <0for0 < x < 1,and
» Lin(x) =1

X
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Properties of The Natural Log

lim Inx = —o00, and lim Inx = oo.
X—0+ X—00

¥y=Inx

Figure: Plot of the natural log function.
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Properties of The Natural Log

Let x and y be positive real numbers and r be a rational number.

(1) In(xy)=Inx+Iny,

@ In <;> —Inx—Iny, and

B) In(x")=rInx.
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Differentiation & Integration Rules

d _lau . d _ f(x)
(1) aInu_ T aIn f(x) = )
d 1

(3) /d;(:|n|X’—|—C, in general /Ctlzln|u|+C
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2 (A:,Q\n)(
e
2 iR __L
(b) /e X g = S(DM @ dx duz % dx
e X
. when xX=€e
- S W du w: e = |
v
| X=€
*
(.A:L \2' w = /QV\'&
= _; \ = 2Mhe
3 221 = ¢
2 | 2
: %: L e3-7= 3
, T

() January 6, 2015 5/21



< Sm)(
Csx 4 w
(c) /cotxdx : g Tk X dic Cosx OX

= Qm\(ﬂ\"'c
2 palsnnx) + C
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New Integration Rules

/tanxdx: —In|cosx|+ C=In|secx|+ C

/cotxdx:ln|sinx|+C: —Injcscx|+C
/secxdx: In|secx +tanx|+ C

/cscxdx = —In|cscx +cotx|+ C
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[secxdx =In|secx +tanx|+ C
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Logarithmic Differentiation
Use the logarithm to evaluate . Assume that y > 0 if necessary.

~ (x®+2x)3sinx Nole: =
 IUxcos?x ‘0"‘3 I
9
e J__ 2 b
ol R v
Tﬂ\u J(\'\-L 90‘;
(x’+2x) Sinx
By = D ( />
IR
X Cos X

- %Dw(x’s-fl)()* by Sinx - '\j by -2 9h Cos x
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Section 6.3" The Natural Exponential Function

Remark: The natural logarithm is a one-to-one function.

Definition: The exponential function is the inverse of the natural
logarithm. It is denoted by

exp(x) or €&*
and defined by

exp(x) =y ifandonlyif x=Iny.
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Relationship between In x and exp x

» In x has domain (0, c0) and range (—oo, o0)

\4

exp x has domain (—oo, c0) and range (0, o)

v

exp(Inx) = x for all x > 0 and In(exp x) = x for all x

v

Since Inx — —oo as x — 01 we have

lim exp(x) =0,

X——00

and since In x — oo as x — oo we have

\4

lim exp(x) = occ.

X—00
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Figure: The graph of y = & (with graph of y = In x for comparison).
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Laws of Exponents

Let x and y be real and r rational. Then

(1) eV =e¢, (2 ex‘yzg, and
ey
(3) (e =¢e™
Differentiation Rule’
d X _ X i u __ U%
&e = g%, sothat dxe =e X

'The function f(x) = €” is differentiable for all real x, hence it is continuous
at all real x.
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