July 13 Math 2306 sec 52 Summer 2016

Section 13 & 14 : The Laplace Transform & Inverse Laplace
Transforms

Recall that if f is piecewise continuous on [0, o) and of exponential
order c¢ for some ¢ > 0, then the Laplace transform of f is defined by

00
0

F(s) = 2{f(t)} = / e~S!f(1) dit

Moreover, if F(s) = £{f(t)}, then we say that f(¢) is an inverse Laplce
transform of F(s) and write

f(t) = 2 {F(s)}.
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Basic Table of Laplace Transforms

Some basic results include:
» L{af(t)+ pg(t)} = aF(s) + BG(S)

v

Z{1y=1 s>0

v

L{t"y = J5, s>0forn=1,2,...

» Z{e®t =1 s>a
> Z{coskt} = 535, $>0
» L{sinkt} = k2’ s>0
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Evaluate the Transform or Inverse Transform

@ 2{26-sin(5t)} = 2 LI} - N ES’.V\ (s%>§

3) 5
Vi 5
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Examples: Evaluate

-1
4 S
o o) 2 F

< % Cos(ﬁ %)
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Examples: Evaluate

(c) .z{(eZ’—UZ}: f(( %-Qeuaf\g

gt o202 11D
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Examples: Evaluate

1 2
@ & {sz+33}

Rad Lreckans
2

MLk, by S(c+3)

AL
S(S13\ S

S+73
2 = AG+3)+ 8¢

z
S =0 2:A®t80 = /\""3'

S:' = - :-E_
3 2= Aoty => B S
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j {sz+3s}:ji s sn}

(551 (e

A 2’gb
3" 3¢
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Section 15: Shift Theorems

Suppose we wish to evaluate .Z~" {(sf1 E } Does it help to know that

Z{} =57
Note that by definition
tel _ [T estet2 gf - G0k . st
z{et}_/o tdt-Se n 5Lt
0
" -St+t
Let w= s-) . S ALY’ € -
0 (-s+)k
é =
2
" = = -(s-) ¢
Ujs y : e
JL° 7«
\°® W
AAS

July 12,2016 9/387



S f{ef-

u\'\-lf\.n. W= g-\

KA

},{fu;% Ls N

I Flo: s Hua

Fie-y: P{e Q‘L}
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Theorem (translation in s)
Suppose .Z {f(t)} = F(s). Then for any real number a

2 {e¥f(t)} = F(s — a).

For example,
2 {t") = D) ——
s at B s—a
& {cos(kt)} = e = 2 {e* cos(kt)} = GGoagi ke

We’'ll use this primarily with irreducible quadratic factors or repeated
linear factors in the denominator.
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Inverse Laplace Transforms (completing the square)

(a) - { S } Sl-fZ S+2 AO{Q‘\'L ‘pouc,l—or‘

§2+2s5+2 ‘
+ T | +s A'.S(,r\m'w\ok" oS

2°-41-2:=4-8 40

S‘L*ZS"’Z :§z+25+\ +2__\ = (S'Hg-‘l'\

Se ¢ s S+ - S+l [
e b 2 - = - T
st+25+1 (s+)t+\ G+l e GH)F)
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-1 S % -\ S‘f'\ ‘
P R oy
Q\D s42s I (s +) (s+1) +)

=\
TN sk _ [
- d {(ﬂ'\\l-f I % j‘] { (ny 1 }

Form S‘f—: 'SEa)

.- -t
’e&:k-@

g’-ﬂt
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Inverse Laplace Transforms (repeat linear factors)

0) 2'{1 +33—32} Pokak Lrachon

3(3_1)2 |+3S—Sz ) A \) C

S(s-1)* § S (eay

C‘Qer‘ -(ro.()nol\ s

1426 -5 = M-y +RsG-0+Cs

= AG5as ) +8E-s) + Cs

| +3¢ 'S‘L = (A4S + (-2A-®+ N+ A
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/‘\4&:«]) —2/'\'@-r(,'-3) A=)

(&:vl-/\ < -2
C:3+B+ 2R =3-242 =3

f R T j"fcl .f}
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¢
- Ze + 3te
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The Unit Step Function
Let a > 0. The unit step function % (t — a) is defined by

0, 0<t<a
%(t—a):{1 t>a

Z(t - a)

4

Figure: We can use the unit step function to provide convenient expressions
for piecewise defined functions.
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Piecewise Defined Functions
Verify that

ao={%&j?§;<a — gt - g% (t—a) + Nty (t - a)
Consih. O E<Q Hew UL-a) =0
JOL %({7)' %LB'O”’\(“.O : %(k) oS rc‘iu‘\mé

Consibn £7 0, Yun WlE-a)= |

F: g -9 L +hi ) = |y o

qu u e A .
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S“ ;‘\' \S -\-fu—L ‘\'\r\c)(

(b), o¢ kee
{‘3 ). e 2 gl - 3 lUL-2) 4 h(DU(E-1)
NOWREE
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Piecewise Defined Functions in Terms of %
Write f on one line in terms of % as needed

el, 0<t<?2
f)=< 2, 2<t<5

2t t>5

k
e - UED + EUE-2) - CUl-S) 42 EULL-S)

/\\ 1 /X buen
Furn +br(}’Q o @ -h,lr‘r\ 0('(— ’\ e o7
en =2 e=t o S e =S
Ld—\s \:u\‘fx;
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For 062 UWL-2)=0  ead UL-S=0

L (7 L3 1 {’
flbec-e-0+t°0-t0+2:0 = e

For z2¢t¢c  wle-2)= | W(L-sY= O

fly=c- e ) ¢k - 0 +2b0 = &
For £>S mek-2) = |\ uu--s)-—\

Liy= ee-ee-\ ) -E\ #2E L = 2¢
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Translation in t
Given a function f(t) for t > 0, and a number a > 0

0, 0<t<a
f(t—a)@/(t—a):{f(ta) t> 4 .
71 | flt—a)%(t—a)
t 5 t

Figure: The function f(t — a) (t — a) has the graph of f shifted a units to the
right with value of zero for ¢ to the left of a.
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Theorem (translation in )
If F(s) = Z{f(t)} and a > 0, then

L{f(t—a)%(t—a)} = e ¥F(s).

In particular,
efas

L{w(t-a)} =

As another example,

n!

nle—&
L{t"} = s -

o = t-au-a) = —
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as

Show that Z{% (t — a)} = & 6,0¢ta
Wle-0):
(3\9 e\cﬁ-m}\'\or\
Pute-a : § ™ ul-adtk

],) €Eva

o bo

ST ot o de ¢ § S dE
o Q
z SMe-SkAé
-st b _ -<-e
fe s30 = Qg\ :%(0'es>
o
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Example

Find the Laplace transform . {h(t)} where

1, 0<t<1
h(t):{t t>1

(a) First write h in terms of unit step functions.

hw-= ) = LWCE-1)+ EUle-1)

=+ (e-DUeE )
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Example Continued...

(b) Now use the fact that h(t) =1+ (t — 1) (t — 1) to find £{h}.

NANGIE i{h (H\u(k-\)g
: ;{{\i + f{&-nuwM 1P L= €

P
fle-o) U (k-0)
fle-n= 671
-1s _ 1
=L e (A
)
o4
S + eg’—
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A Couple of Useful Results

Another formulation of this translation theorem is

(1) Z{g()%(t-a)} = e *L{g(t+a)}.

L]

S

)}= e O\ID{CoS(E*E%

gl
I;: J{S"\{E £ —

g+ |

Example: Find Z{cost% (t

r'l"' l\)\>1

Cos(£+T)=Cosk Cox™h ~Sn kS = - Sk
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A Couple of Useful Results

The inverse form of this translation theorem is

(2) 2 e #F(s)} = f(t—-a) (t—a).

- |
—2s
- E —1 e We reed { NG |)}
Example: Find . {s(s+1)} x +

(P“"A"J _C]‘ad'to»\ \ A G

Stsery s ¥

=2
| = Asw) +BS
S <=0 I=A
sl V=-B
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A et I B o B A L B B
= - eb
\::?/\5 ovC -F(-Q)

R -as

(s+|\§ (\ e(é Z)Buu’ 2)

S

Lle-2) ne-2)
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