July 21 Math 2254 sec 001 Summer 2015

Section 8.8: Power Series

Theorem: Let > a,(x — ¢)" have positive radius of convergence R,
and let the function f be defined by this power series

f(X):ian(X—C)n:80+a1(X—C)+aZ(X—c)2+...
n=0

Then f is differentiable on (¢ — R, ¢ + R). Moreover,

f(x) = ar +2a(x — ¢) +3as(x = ¢)° +--- =Y _nap(x —¢)" .
n=1
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Theorem Continued

Moreover, f can be integrated term by term

/f(x)dx = C+ao(X—C)+a1(X_20)2+az(x_c)3+---

(X—Cn'H
- C+Zan n+ 1

The radius of convergence for each of these series is R.
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Finding Power Series Representations

Find a power series representation for f(x), and state the interval of
convergence.
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Finding Power Series Representations

Find a power series representation for g(x), and state the interval of
convergence.
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Section 8.9: Taylor and Maclaurin Series

Suppose f has a power series representation for [x — ¢| < R. Try to

determine a relationship between the coefficients a, and the values of
f and its derivatives as x =C.

f(x) = ap+ai(x—c)+as(x—c)?+as(x—c)+ay(x—c)*+as(x—c)°+- - -

§(c)= Qo+ Q, (¢c-0) + Ql((,_o"'-f . = Qo

= Qo= f(c)
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§ 6o A, + 20, (x-0) +30~3(X—L§+Ha‘1(x—tj+ Se (Ot
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July 20, 2015 /46



f(x) =ap+ai(x —c)+ ag(x —C)? +as(x —c)®+
as(x — ¢)* + as(x — ¢)° +-

3
§'6) = 20, + 3205 (- 4430, (k-3 « SMa (O #.,

£

\O"(c)-.zazn« 0+t0+t... = \az" >

{ I(x\ = 3205 +43:204 -+ M 3q, (X-c)if..
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Theorem

Theorem: If f has a power series representation (a.k.a. expansion)
centered at ¢,

f(x)=> an(x—c)", for |x—c|l<R,
n=0

then the coefficients are given by the formula

Remark This notation makes use of the traditional convention that the
zeroth derivative of f is f itself. That is,

f(O)(C)
0!

= f(C) = 4.
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The Taylor Series

Definition: If f has a power series representation centered at ¢, we
can write it as

> f(m
i) = 30 gy
n=0 '
(o)
11

f”(C)
2!

fl//(c)
3!

This is called the Taylor series of f centered at ¢ (or at ¢ or about c).

= f(c)+ (x—cf + (x—0¢)®+--

(x—c)+

Definition: If ¢ = 0, the series is called the Maclaurin series of f. In
this case, the series above appears as

f(x) = i f(n;(lo)x” =f(0) + f/1((|))x + fﬂz(?)xz 4o
=0 ' '
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Example

Determine the Maclaurin series for f(x) = e*. Find its radius of

convergence. f_ §(“)
2 Ly
no n
X -2 )
fn-=e , FTlre
‘g‘(x) < e)( ) ‘F'(O)‘- 60 :\
" X ’ P)
Loz e .
ni X
flwo=e
: (V\) 0_\
(n). X (=6~
'JC () =€

00
\
en‘- Z_V\/\ Xb\

nco ‘
(o] n

X
- LT
= V\‘
n= 0 ‘

July 20, 2015

12/46



UQL '\“N rono l{i\, L -ﬁ\\r\é MN‘ Fad\\r 0»{»

COV\UU\%(,V\Q,\
x4\
Q X
VA
N po LV\-H.)\'
< ‘Q"""
N9 g
Reno,

V\\, - Q'm-\ \ * ““' \
Xy i nAng r\'\’ (w+1)

o
Ix) -0 L:oél ﬁﬂ)\
n+\ (‘u'l)(

The ~Mecuel ofF  Gavergemg VS

(-Bo, %) .

July 20, 2015 13/46



e* Approximated by terms in its Maclaurin Series

i

T = 1+=x
T2(X):1+x+%x2 54

T3 = 1+x+ %x2+ %;@

T —_ 1 T T T T 1
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%

[—— expry TI(x) T(x) T |

Figure: Plot of f along with the first 2, 3, and 4 terms of the Maclaurin series.
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Taylor Polynomials

Definition: Suppose f is at least n times differentiable at x = ¢. The
n'" degree Taylor Polynomial of f centered at c, denoted by T),, is
defined by

Tn(X) _ Zn:f(k)(c)(x_c)k

f(n)(c)
n!

- f(c)+f/1(f)(x—c)+fﬂz(!c)(x—c)er---Jr (x — o).

Remark: Note that if f has a Taylor series centered at ¢, then the
Taylor polynomials are what you get if you just take a finite number of
terms, and discard the rest.

Remark: A Taylor series is like a polynomial of infinite degree, but a
Taylor polynomial will have a well defined finite degree.
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Example

Write out the first four Taylor polynomials of f(x) = e* centered at zero.
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Example
Find the Taylor polynomial of degree n = 4 centered at ¢ = 1 for
g(x) = e~. i ® v
(
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Well Known Series and Results

Xn
e => for all real x
A consequence of this is:
=1 1 1
Z - tota

And with the radius of convergence being infinite, the following limit is
useful:

n

¢
lim — =0 for every real number x
n—oco Nl
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Maclaurin Series for sin x

Derive the Maclaurin series of f(x) = sin x. Find its radius of
convergence. 50

Fin: Sinx , {61 Smlm¥=0
-Pn(x)-_ Cos X _?|(°)__ Coslo\‘,l

n .
$6ox - Sinx ) c“(e)‘ -Sia(®)= O

n

£ 00 - Gosx , ey - @0 1

(w) . (
F 0= sinx ) Y%= 0 ..
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Maclaurin Series for cos x

Use the fact that cos x = & sin X.
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Well Known Series and Results
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Compositions, Products and Quotients

If we stay well within the radius of convergence, we can form
compositions, products and quotients with Taylor and Maclaurin series.

Example: Find a Maclaurin series for f(x) = e
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