June 20 Math 2306 sec 52 Summer 2016

Section 6: Linear Equations Theory and Terminology

We are considering an n' order, linear, homogeneous ODE
dnf1y
an—1

and assuming that each a; is continuous and a,, is never zero on the
interval of interest.

d
+~-+a1(X)d%+ao(X)y=0

d"y
axn

an(x) + an—1(x)
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Principle of Superposition: Linear, Homogeneous
ODE

Theorem: If yy, y», ..., yx are all solutions of this homogeneous
equation on an interval /, then the linear combination

Y(X) = c1y1(x) + caya(x) + - - - + Ckyk(X)

is also a solution on / for any choice of constants ¢y, ..., ck.

This is called the principle of superposition.
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Linear Dependence

Definition: A set of functions fi(x), f(x), ..., f,(x) are said to be
linearly dependent on an interval / if there exists a set of constants
¢y, Co,...,Cn With at least one of them being nonzero such that

cifi(x) + cofo(X) + -+ -+ cafa(x) =0 forall xin /.
A set of functions that is not linearly dependent on / is said to be

linearly independent on /.

We note that if the only way to satisfy the above equation is to set each
¢; to zero, then the functions are linearly independent. If at least one
of the ¢; can be nonzero, they are linearly dependent.
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Definition of Wronskian

Let fi, o, ..., f, posses at least n — 1 continuous derivatives on an
interval /. The Wronskian of this set of functions is the determinant

f b -y

fl £

W(fi by D)) = | S
f1(”_1) f2(n—1) frgn—1)

(Note that, in general, this Wronskian is a function of the independent
variable x. )
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Theorem (a test for linear independence)

Let fy, B, ..., f, be n— 1 times continuously differentiable on an interval
I. If there exists xp in / such that W(fy, f, ..., f,)(x0) # 0, then the
functions are linearly independent on /.

If y1, ¥o, ..., yn are n solutions of the linear homogeneous n' order
equation on an interval /, then the solutions are linearly independent
on [if and only if W(ys,y2,...,¥n)(x) # 0 for* each x in /.

*For solutions of one linear homogeneous ODE, the Wronskian is either always

zero or is never zero.
June 16, 2016 5/86



Determine if the functions are linearly dependent or
independent:

»

2x

eX, y2 = e_ /: (_OO’ OO)

(IQC\\ (0" '}’N NrOI\SL‘\GV\_

-2%

L, et e
\'J(‘Oujz)(x): “9 : X -2x
9! 9 1 1 e

X /- - =X -X
: é(-z?") e (2P)=2" ¢ = 3¢
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-
\:J(b')\o.‘) x) = '3 e _—‘I"' 0

%0 b\ 0./“; \/02 ™ w\lo.r\ \1\4_5,2,621 ALV\
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Fundamental Solution Set
We're still considering this equation

dn dnf1y
an(x )dx”Jr n-1(X )dx”—1

with the assumptions a,(x) # 0 and a;(x) are continuous on /.

d
o () ok +a(x)y =0

Definition: A set of functions y1, y», ..., ¥» is a fundamental solution
set of the n" order homogeneous equation provided they

(i) are solutions of the equation,

(i) there are n of them, and

(iii) they are linearly independent.

Theorem: Under the assumed conditions, the equation has a
fundamental solution set.
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General Solution of n order Linear Homogeneous
Equation

Let y4, ya, ..., yn be a fundamental solution set of the n'" order linear
homogeneous equation. Then the general solution of the equation is

y(X) = c1y1(x) + Caya(X) + - + Cpyn(X),
where ¢y, Co, ..., Cy are arbitrary constants.
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Example

Verify that y; = €* and y», = e~ * form a fundamental solution set of the

ODE

y"—y=0 on

and determine the general solution.

TG \Ieri‘n b\)% ‘C()r./v\ aQ pbné,

((,) 'M‘(Jff Selu¥ion s
(1) Yrew ore "ok drem e orde 2 solas.

Ql() ‘H‘-evrrf ,0'\!\. ‘\l\&fdn&u\,k,

() 5.-ej L 9c

x

e

» 9

X
e

(_00700)7

Seluyion sk Cnede

? S
=0 ‘9”";\»\"‘
0O=0 v VR ‘.\' )
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v =X

- I n_ -X " ’ZO
Y. ¢ ;977 9,7 ¢ % T Qv T
X ¥ ')O b-l’
e - e = SO\JJS
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v Y e &
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Consider x2y” — 4xy’ + 6y = 0 for x > 0

Determine which if any of the following sets of functions is a
fundamental solution set.

y1 — 2X2, y2 — X2 ﬁ——\\vx. A’P‘V\AM\.A nxe l\j +(’23\g O Q'X7°

Vi = X_z, Yo = x? Cmn\'\ Q\'\M“"’JA‘ '\\*SL’ o well
Onecle

3 2
n=x7, Y2=X

Y1=X27 Y2=X3, ,Ve,ZX’2 & foo M) Fundions since n=2

(b) Chwecle Y )22/ Y, —.-2;3 Vé:‘: bx

6}

-9

Xzb‘” _"'\Y‘Q‘\ + G\:)‘
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X‘l( G)() -L{%(3X7‘) ¢ (o )(3 :_" 0

’ ¢
CC -1y byt = 0 W P
O = N
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1 | “-
Y, <X, 9, t2x, 9, 22

5
X’L\azli -qk"‘\; 3 Q\OL - O
7
X' (2) Ux(2x) + b e :? 0 o R
RN T __' C
2k r6x =0 WW )
O =0
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Nonhomogeneous Equations
Now we will consider the equation

dny dnf1y dy B
X" W—I—--'—G—&(X)a-i-ao(x)y—g(x)

where g is not the zero function. We'll continue to assume that a,
doesn’t vanish and that a; and g are continuous.

an(x) + an-1(x)

The associated homogeneous equation is

an y dn—1 y dy

dx’ W+"'+31(X)7+30(X)y:0.

an(x) ax

+ an_1(x)
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Write the associated homogeneous equation

(a) X3y///_2X2y//+3Xy/_|_17y _ e2x

3 \ a.
Xg” -2y +3xs,'+11\} <0

d?y . dy X
(b) SZ+14— = os(?>
? d
A_i + |4 j‘,"{ <0
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Theorem: General Solution of Nonhomogeneous
Equation

Let y, be any solution of the nonhomogeneous equation, and let y1,
Yo, ..., ¥n be any fundamental solution set of the associated

homogeneous equation.
Then the general solution of the nonhomogeneous equation is
y = c1y1(x) + Caya(X) + - - - + CnYn(X) + Yp(X)
where ¢4, Co, ..., Cny are arbitrary constants.
Note the form of the solution y¢ + yp!
(complementary plus particular)

where ye = c1y1(X) + Cayo(X) + - - + Cnya(X).
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Another Superposition Principle (for nonhomogeneous
eqns.)

Let yp,, Vps» - - -» Vp, b€ K particular solutions to the nonhomogeneous
linear equations

an an- 1 d
an) Y+ a0 T 4 a0+ ay = g(x)
fori=1,... ,k. Assume the domain of definition for all k equations is a
common interval /.
Then

Yo =VYpi t Yot Vp,
is a particular solution of the nonhomogeneous equation

an(x) ZZ}; + -+ ao(x)y = g1(x) + ga(X) + -+ + gk(X)-
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Example x?y” — 4xy’ + 6y = 36 — 14x
(a) Verify that

Yp, =6 solves x2y” —4xy’ 4 6y = 36.

g% y2 0 Y0
2

xzn‘,:' —‘1be: +bly, : 36
2

(o -Ux (6 + b () = 3b
a0 =36 Vv

So bf, does sdee Qb""“‘b‘*“"a =306
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Example x?y” — 4xy’ + 6y = 36 — 14x
(b) Verify that

Yo, = —7x solves x%y" —4xy' +6y = —14x.

?
" / -
szPz ¥ \O(J:. Y G\:)“’z = M

-
(o) -Ust (-3 + 631 i x
28x -42x =X n
Mzt N

Yoo Vp,? - X sols Xl‘a"‘“"‘a"“% = =My
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Example x2y” — 4xy’ + 6y = 36 — 14x
(c) Recall that y4 = x® and y» = x? is a fundamental solution set of
x2y" —4xy' + 6y =0.

Use this along with results (a) and (b) to write the general solution of
x?y" — 4xy’ + 6y = 36 — 14x. (Verify that your result is correct.)

%‘\,K ?r\nc'-‘y(ﬂ o.\_ SVP“\ ‘)05‘\\'.% —Fur (\OV\\'\N\-\OS&‘\QO\AS
equckowf
\6?'-\0‘,‘*\0‘,2-
Jp® 6-Fx

3 2
p\\fo) \ac :CI\O| +C1\31 < C\ X ¢ sz
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The geroad Solion bo Xl‘a“"*xb‘ +(o\9-—3¢o-\“1x s

3 1
WiG Xt X+ b Fx

* b=l +9p

\\

Ln)f\s‘ \Ie(“W(D "h‘\-‘ VS Corre ck

m‘Z 3(—\)(1*261,)(‘ "‘O"qd "3(4)(1“'2(2)(-}

%"zéc\x +2C, -0 = 6C,X +12C2

2
%1\3“ —Ux \a\ +Q\3_ = 3 - My
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1
X (QGY +2-CL) - (36\ Xz“'Z(zX’)) + (o (C.\(Z-f (.L)(l'f b- '})& 7: 3(0“(‘()(

5

3 3 T 3 '
Gc\y + ZCLQ_\ZL\X -G +28 % +QC.X+CCI>2}3(, -y1x = 36- "y

CX(6- +(,)+ c,_y(z -G +(,) +28x -M1x +3L = 36~ 14 x

O + O - jux 436 =3b-IMx

-y

|

{

My 4731

Hes, o Solidion 1S Correck |

June 16, 2016 26/ 86



Solve the IVP
x2y" —4xy' +6y =36 —14x, y(1)=0, y'(1)=-5

F‘oo\ prbre ‘a‘-C\Xj*CzQ""(o’—"L)‘
Y 30 1 2% - F

90 (VGO +6-HY = O 3 <, =)

23'(0- W 4260 - F =S D 3+, 2
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3¢, +3¢, =3 C=1-G=*\"\=0
(3¢ ¥2¢, 1)
- f—/

c, =\

Tha Ce\h\'-ev\ '\1 é'\" 'S

9 X +6 - Fx
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Section 7: Reduction of Order

We’ll focus on second order, linear, homogeneous equations. Recall
that such an equation has the form

Let us assume that a>(x) # 0 on the interval of interest. We will write
our equation in standard form

d?y dy B
+P(x) o+ Q(x)y =0

dx?
where P = a;/a» and Q = ag/ ao.
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Y+ PX)% + Qx)y =0

Recall that every fundmantal solution set will consist of two linearly
independent solutions y4 and y», and the general solution will have the
form

y = c1y1(x) + caya(x).

Suppose we happen to know one solution y;(x). Reduction of order
is a method for finding a second linearly independent solution y»(x)
that starts with the assumption that

Ya(x) = u(x)y1(x)

for some function u(x). The method involves finding the function w.
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Example

Verify that y; = e ¥ is a solution of y” — y = 0. Then find a second

solution y» of the form

y2(x) = u(x)y1(x) = e *u(x).
Confirm that the pair y1, y» is linearly independent.

See Shdeo 10, Il for dre Verikicohon pak,
S \gzzéxu(st). Then

] -y
Y 's e uly + e Wi
IA

. - =% =X 1
9" e w)- e W) e Winre w6

- - -X
Tl u) -26 W) £ e W)
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We requ.fe ‘Sz”'\'éz =0

n - -% -X ) -X 1) =%
Ye “ Y2 T eux-2e Wbyrew () -e 0 =0

-X \ -
e (2l mun'va) =0
> Mo -2ulbd =0

\ sk
\(3 we <k Wl Van e K o |57 orans
S—c‘aa«o\fﬂ Qw |

Ww-o2wz=0
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Su\v& %\\.-S
%\i;- :2W =2 -"lj %\"J; <2

\ .
[ doe (2 cmmny w50
C
X -
faw=2xt C = W=Ae W A-e¥

. 2x 1
Lt ¢ et A=2 <o Ww:Zle . As w=u

w: &\W;Y < SZ@ZX AX - C‘ZX

¥ A"\S Dv\-) nongo (,..ms\—cwt.
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Generalization

Consider the equation in standard form with one known solution.

Determine a second linearly independent solution.

a2y dy .
W+P(X)E+Q(X)y_o, Y1(X)**'S known.

Setpmse yosuu 24,60 W)
then !
Yo TUUT YL
n n [ \ |
o Wy /u e W g
Y r 2y, W g

W\MS e bhe ODE
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4, tPy) +Quy, = O

Y,'n +7.%:_’u,‘+ lé‘U:‘ + P09 (\o\lu-ﬂg,u‘)-" th)g w

i
@)

"
@)

n
Si* + (2‘3||+P(X)\9')u' + (\Ol"{-f’w\a: +Q(x)\9\\(~

Y sohes Y ey Quay, =0 ¥

\g\u.“\“ (2v, +Pwﬁ\\d =0

-

LJ’ W""bb' . b\v;(\,( \°\3- \3‘ (o;s(,\w o O\LB
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Than W silves -\*\\._ \S\- 0rde. 23w (D"é stfﬁ-%\a‘(u)
W'+ (2%+ Pms\ﬂ =0

Stpovole  and  Sile

A—Aw? z - (2 —%: +\°m)\,\;

- (2 /\‘ + Puo > JX Ab\ é)( Ab

-2 A_‘%;*P@a‘x
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_ S(’(x) dx

W= SW‘)X = = N °\X
(\3\("))

e

F\“Q\\'\) - g?&) é)‘
u :
9y, S "

(yi6o) >
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Reduction of Order Formula

For the second order, homogeneous equation in standard form with
one known solution y4, a second linearly independent solution y» is

given by
e—fP(x)dx
= V(X adx
=) [ oo
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Example
Find the general solution of the ODE given one known solution

X2y" —3xy' +4y =0, y; = x> X 70

'S‘Plx\c\)‘
Y. Y, Whe~y Wt S e Jdx
1N
onees or v~ \ _3,- S—- -
Stederd £ ‘Q"X‘S\*’x‘\'e)‘o

2
Poos ) -fpwdn = - [ 20k = 30x < dayd

S° -Ib&)JX QV\kj 3
e ce =X
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Lke venfy Yok @ 9, Ssloes dre ODE 0 © et

W, AR Din, ‘l’\é.bf.th&u"’,

b_": XI..OV\)(
b’l:,: 2% Dax +>2L(1>() < Z,y.va)( + X

G 20nx e 2 4| = 2Imx + 3
" 7
K -Oxgy *M9, = O

X’l(Z.OV\SL +3) - 3% (ZXJ\«X +x\ +\ xlﬂwy

v -9
o

25 dny + 3)(‘L AV IRV -3x1 + Wt Dv\y
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"
Xy (2-6+ W) + X(3-3) =0

(6} =0
ob €
U$'\V\8 -}\\( \Wrons Wien
Y % X X D
Wi, M) 0= -
| [
Y, Y 2y 2x Doy ¢ X
: X’L(Z)G.a“’\\(f)() - 2x (i"&v»x)
3
2 dny + X -2 Inx = X

June 16, 2016

NS does So\e ¥t

49 /86



Wo )M =X £ 6
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Example

Find the solution of the IVP where one solution of the ODE is given.

y'+4y' +4y=0 y=e y(0)=3, y(0)=-2

- §Puady
Y200 den e (_e’ Ax _ Pix) =4
I\
- {Poody - fyax -Ux
8 E T e
“Uy =Yy
= < Jx = e_“x I = [AX =X

(e*)* €
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So \az:'xc—zx oane \\I\L S&N.«,A S\\\-A'Lov\ 54

-2y -lx
\3" C e +G X €

-2x

\ -2
p\ﬂ)\b b(b)’» 3) \g(o\'-’z. kg"- _ZC\C + C, e - 2C,x€e

o o
4(©®=Ce+(0e =3
C, =3

| o © )
Yoz -20 et e-2G0e = -2

234 Cp =2 D (246 =Y
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Section 8: Homogeneous Equations with Constant

Coefficients

We consider a second order, linear, homogeneous equation with
constant coefficients

d?y  , dy

Question: What sort of function y could be expected to satisfy

y” = constanty’ + constanty?
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We look for solutions of the form y = e™ with m
constant.

ay” +by' +cy=0
MY \ MY " N My
e, hrme pme
We requie Yyt \o\o\ tCy =0
an M Sy
olne x}“’\o(hcxs* Ce =0

e (aml-r b+ C\ o)
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Tk\; o\l \,( -\»ru{ ‘.C ™M §o.*:§(;es

O\,ML-P\OM-PC =0
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Auxiliary a.k.a. Characteristic Equation

am®*+bm+c=0

There are three cases:
| b? — 4ac > 0 and there are two distinct real roots my # my

Il b2 — 4ac = 0 and there is one repeated real root my = mp, = m
Il b? — 4ac < 0 and there are two roots that are complex conjugates

my 2 :Oé:i:iﬁ
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