June 22 Math 2306 sec 52 Summer 2016

Section 8: Homogeneous Equations with Constant Coefficients

We consider a second order, linear, homogeneous equation with
constant coefficients

2

ag,x}z/ + bg}; +cy =0.

We assumed that y = €™ for constant m and found that such a
function does solve the ODE provided m is a root of the quadratic
equation

am? +bm+c=0
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Auxiliary a.k.a. Characteristic Equation

am®*+bm+c=0

There are three cases:
| b? — 4ac > 0 and there are two distinct real roots my # my

Il b2 — 4ac = 0 and there is one repeated real root my = mp, = m
Il b? — 4ac < 0 and there are two roots that are complex conjugates

my 2 :Oé:i:iﬁ
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Case I: Two distinct real roots

ay’ +by' +cy =0, where b?—4ac>0

—b+ Vb2 —4ac
y =c1e™M* 4+ ce™* where myp = 2

Show that y; = e™* and y» = €™ are linearly independent.

Lell use th Wonslian

"o | | e €
W (5,,9,)060 = | " x "
% 9 e Mg
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Example
Find the general solution of the ODE
y//_2y/_2y:0
CharecheaiskiC eqn, M -2m-2 =0

LAC omplohe A Squot
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Example
Solve the IVP

y'+y —12y =0, y(0)=1, y'(0)=10

ck“.Eﬁ’n M7'+M-\?_:O

(niy(m-3)z0 = mzhern=3

2 ,}'\S*',v\c/\’ rea
royxs

-Yx $x

2.: e ond 4" @
-"x 3x
el . 9 Ce +Ge
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0
9'(®=“16.e°-r3(16=|0 3 M 3G =10

L‘('I +%CL:\*(
-M¢ 43¢, =10

o
a)é .}sz|\1 =) C_b-.‘z,

C\‘-'- \—Cz: \-2-__,\
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Case Il: One repeated real root

ay’ +by +cy=0, where b?>—4ac=0

y =c1e™ + coxe™ where m= ;—a

Use reduction of order to show that if y; = e_TZX, then y» = xeza .

Wb
Sho-nderd farmn 9+ m=YrSu=0 Plo: %

- {Poadx
\92- \J‘LL (T e AX
(t0)"
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Example

Solve the ODE
4y" —4y' +y=0
Cher, E4n Yol -Ume| = O o
cepre
(m-D* =0 2 ™72 v

4L x
\Qf'e and \gz"’(e

z X
TL\L S,@v\).l‘fl €°l'f"\'m\. ‘l( \a: C\ e -+ C‘?,x e
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Example
Solve the IVP
y'+6y'+9y=0, y(0)=4, y'(0)=0
Oner. Eqa My bt A= 0 3 (Mm+3)=0

-3x '3x
\0\-'@ ’V\é ‘QL:X6

-3x -3x
Geran L sulakiom 9 e +GXe

\ -3y -3x -3x
Yoa=-3ce +c,e -3¢ xe
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yloye g +c0e =4 2 =4

J N o o
\3,(6)"' -AC.e + C.e -3(,-0e = 0

BM TG =0 D (= \2

The foton v dwe \WP s

-3x -3
bile +l2xe
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Case lll: Complex conjugate roots

ay’ +by' +cy =0, where b?>—4ac<0

y = €**(cq cos(Bx) + c2sin(Bx)), where the roots

, —-b Vdac — b?
m=a=+ip, =5 and B_T

The solutions can be written as

Y1 — e(aJri,B)X _ eaxeiﬁx, and Y2 _ e(afiﬁ)x _ eaxefiﬁx'
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Deriving the solutions Case Il

Recall Euler's Formula:

e? = cosf +ising

Qe g\‘v | (Ccs(?ﬂd 3‘“(@35
g () = (S () )

Us'mg, Jrko. fr‘.ng}‘,l{ 0(— <v€-b~ ‘)OS\\'NV\

\

Yy, =3 0+5 Y --(ze Cos Fx) é‘xco;([gx)
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Example

Solve the ODE )
a=x ax
o Thg Tex=0

Ches. Eqn M* +Ym+ 6 =0

Q\/oArO\'\ C 'Cul‘mu\& Mz -w
Z .
, Cqif urEll
Nele o(tifs'-"&t\—zu 2 ¢
= -2 ome (%‘-E s 21l C

T
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-lx

‘a\: e Coj(ﬁx) \gz‘- ézxgw\(ﬁx)

The  genand Solbion 1S

-Ix -2
Y=Ce cs(RX) + Ge yi'\«(ﬁ">
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Example
Solve the IVP

y" +4y =0, y(0) =3, y/(o) _ _5

Chee. E6|v\ M?._'_q -0 _ Ty

O
Y,* cho((zx) = Cor(2d

\91- eox$\v\(l«)() < g\V\(Zx}
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%'ob\lfv(‘}\ sb\lﬁ\—-ov\ \& < C\ Cu!(lx) -+ CL C.\V\ (2)()
P‘P¢\‘a Lau-‘.)'; 3 ) \;‘(o)"— -$
\al(y\ 2 =20, Swm(2%) +2G Cos(zx)

PO ot ¢ S0 =3 = (=3

Y0726 $a0424Gs0 =S D G

The sl & Mg WP LS
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Higer Order Linear Constant Coefficient ODEs

» The same approach applies. For an n' order equation, we obtain
an n" degree polynomial.

» Complex roots must appear in conjugate pairs (due to real
coefficients) giving a pair of solutions e** cos(fx) and e** sin(5x).

» If a root mis repeated k times, we get k linearly independent
solutions

e™,  xe™, x2e™, ..., xkleg™

or in conjugate pairs cases 2k solutions
e** cos(Bx), e sin(Bx), xe“*cos(Bx), xe**sin(Bx),...,

xk=1e™ cos(px), xK~1e** sin(fx)

» It may require a computer algebra system to find the roots for a
high degree polynomial.
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Clawm: The Che. 29w ghe\e be

Example
M—S— Um =0
Solve the ODE
///_4 / = 0 MX MY wo_ (294 \ 3 e
y Yy L).* \616 , %\:M@ J\Q_W;LG )b\\:Me
Ss "y "y

"oy sme -Ume =0

3

e (W-4=) =0

D wW-Um =0
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O Charackest i€ Ec,\,, V<
wo-Um=0
mt 1) =0
m(m-2) (m+2) = 0O
2 digvmek redd ooy M0 My 2 Mg "2

v
Theee ol s o Aaos 3 o de. 00w ert

MY Ox MZX X "BY _ZX

W= e = e :/_\_ \az-.e R )mé (03'-@ -e

/
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Example
Solve the ODE

y"-3y"4+3y'—y =0

3“é orden e, cads R Ll “f\éﬂf»&w\—
= \u* ton S .

C\har. Eon M -3t ¢ 3m =0

(M—\)‘S e
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Section 9: Method of Undetermined Coefficients

The context here is linear, constant coefficient, nonhomogeneous
equations

any'™ + an_ 1y 4+ a0y = g(x)
where g comes from the restricted classes of functions
» polynomials,
» exponentials,
» sines and/or cosines,
» and products and sums of the above kinds of functions

Recall y = yc + yp, so we'll have to find both the complementary and
the particular solutions!
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Motivating Example
Find a particular solution of the ODE
y" =4y +4y =8x+1
e com Consden ook bind 0F fuachon 1y, wonld
prdc e 1" degree pulynomial 400> = 8x|
When P\\ASSeé o \}“ -U\g' -M\a Lk« guess Pk
e $oa \SL ch/\ee ("‘\b"°“’”"&'

\aP:’AX 'f‘g ) AJQ'CA’“‘M{—S
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‘3‘\_('1\3\ "’L\‘a T @x_‘.\

Guess \af: P\X +Q suvb s e < 0Dt

9> A, e 0

Y ~ Uy + o Bxt)
0 “4A+4 (Ax+B) = 8x7)
Yax + (up+4B) = 3% ¢
This s froe 1(F YA=8 owd YA +YB= |
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The Method: Assume y, has the same form as g(x)

y' -4y +4y = 6%

o 3\( i
T\\l “‘(‘orw\ ! of 5 \S conshet Yias €

) 3x
Li¢ Goess Phok Yo : Ae
x [ ?X
vas\;.\\\( o Al %\, . %‘: z 3Aé | ‘g‘o - ﬁAe

n 3)(
Yo -“1\3‘: tUy, = be
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Make the form general

y" —4y' +4y = 16x?

“P ‘\"\-L :Pcrm o(' ﬁo()l)'-"“o)} IR ”0\ (uv\s\-u-\ Yiners XL

oo mIQhY  guwse  thot

e * A x®

cbswkbk Y, s 2Ax L 9 = 2A

] z
g~ +Uygp T 16
AN U (2ny) 1 (AL = 1%
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UAX -gAx + ZA b %t +0x +O

S
peq
- AN
QA= O l\-“
24 =0

The gquess o= Axt Lods. Twe Correckiom S
Fo reeoqnine 3(@:“@(1 as o 2% degree
eb\bnom\&-u

LK< uess W = Ax" KLy +(C
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Jp = 2Ax +0 " = 2A

J
SL\OSX'.‘\“'\':C
ge" ~ye *Hpp = 1bx”

A -4 (2AxeB) 9 (A 4Bx ) = lex

UAX + (-%A MB) x + (zA-kw-fU\C,) - |:¢°x" fgy + Q

Makch  (Coe (»C;(\M{K Y A =k
-8A -r“‘\@ =0
2N ub+MC = O
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- - = =-2A =
I\-H) 4d= 8A = §=2A =3

YC40-2A = C<B-3A=8-2°(

This werks. Due fo\..*iu—\w‘ SO Nigwm 1S

\9':“1 x +Qx +(,
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General Form: sines and cosines
y" —y =20sin(2x)
1 dhe Brn of 501 :20Sma) if  conshend s q'.“(zx)”
Ue’o\ guess {]P" I\%r\ (Zx)

Scbardile t)fl < 2A Gos(2x) ‘9{’“ = HASw (20)

o' -y = 2050

MA Sia(2e) - 27 Cos(2x) = 20 Sn(ex)
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MR Sn 3 - 2A Gs(ax) = 20Sn(2x) + O Cos (2%)

MeXclh 9\\; lerms -Up = ZO)S Ao- Solvelle
’ZA < o

The urus et ASialaxy doesA worle
e f\ué, 1% Co“fl\f\-k 5(!) Cf{ Q Sum 0(, S ond
o<W~ o(' Zx . Twe Correck guese S

Yt NSn(20 + O Cos (2)

bf‘ = 2AGoc (229 -20 % (2%)

g * MASG) - 4b Cor (2x)
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ye' t9p ° 20Sm(ze)

A Sun(22) U (o) - (24 Corl2) - 25 (22) = 20 S (3x)

(4p+2B) S (2 ¢ (-2A-UB) Cos (2%) = 20 Sin(2x) + O - Cos(2x)
Movth

i “MA+28 =20 2A-UB= 0
(oes~ .
e N VRTTURE T
“lop =40 A=

yp= 2A %2 B=2

Thit woerkd o=

b(} = =Y [ua (2 + 2 Cos(2x)
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Method of Undetermined Coefficients: Observations

» We start by guessing that y, has the same form as g(x)

\4

”Form” is meant in a general sense.

v

We account for all like terms that can arise in derivatives.

v

This only works with constant coefficient left hand sides!

v

This only works with right hand sides whose derivatives terminate
or repeat. (polynomial, exponential, sine/cosine, and their sums or
products)
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Examples of Forms of y, based on g (Trial Guesses)

(@) g(x) =1 (or really any nonzero constant)
(/&\(}KWV ‘0‘0: A

(b) g(x) = x — 7
\Q’ AUY“" ‘sz AX 1’&

(¢) g(x) = 5x

aga 0T st

(d) g(x) =3x3 -5
o= Ay Q% 4 Cy +D

C\a\""(’
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More Trial Guesses
3x
(€) g(x) = xe* Yee (A8 e

3x
\S.\Jegrct ‘)5\> X &

(f) g(X) = COS(7X) \0‘, < A Cos ('}x\ +B G (’)rx)

(9) 9(x) = sin(2x) — cos(4x)
ot A Sin (30 15 Cos (2x) + C Goslwo) +DSim (Ux)

(h) g(x) = x?sin(3x)
Ve~ (A48 + ) Som () + (Dy"'-t\zx F) Cor (?x)
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