June 6 Math 2306 sec 52 Summer 2016

Section 2: Initial Value Problems
An initial value problem consists of an ODE with additional conditions.
Solve the equation on some interval / containing xp.

d"y

an:f(X’yay,a"'ay(n_”) (1)

subject to the initial conditions

y(xo)=yo. Y(X)=y1, ..y (x0) = yn1. (2)

The problem (1)—(2) is called an initial value problem (IVP).
Note that all conditions are given at the same input value xg, and the
number of initial conditions is equal to the order of the ODE.
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Example (Part 1)

Verify that y = ce~* is a solution of the ODE for any constant c.
dy -

2
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Example (Part 2)
Solve the IVP

dy B B
a—i—ny =0, y(0)=3

g N
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Graphical Interpretation

Figure: Each curve solves y’' + 2xy = 0, y(0) = yo. Each colored curve
corresponds to a different value of yg
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Example (Part 1)

Show that x = ¢; cos(2t) + ¢, sin(2t) is a 2-parameter family of
solutions of the ODE x” + 4x = 0.

< € Cos(2h) + ¢ S (24)

X': 220, Sinl2) + 2, Gos(24)

X'z v, Gs(28) - Y ¢z Sin(3d)

X'+ Yx : 0
ME s (2) -u 6, Sin (24) + Y (c. as(u)uﬁw(m\ =0
“Y¢, Gel2h) Mo, Swl2t) YU Gs(2k) 44, Sinl2E) = 0
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,
Co (2t) (-U\ ¢, +4C) + Sin(2t) (—Mcﬁ‘*(») )

O +0 =0 J ot

Sv =0, Corlzd) t G Sn2E)
s oo 2opomends Lol of
SQ\LA'\OV\S‘ "‘b ’Y‘\\ ODE .
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Example (Part 2)
Find a solution of the IVP

" o ™
X" +4x =0, x<2

Q*Cau Cos(w) < -\

X= ¢, Gr(2¥) ¢ ¢, Sin(2¢)
X(D)s ¢, s (25) #,Snl2- )= -]

G (-0t Gloy= -\
C = \

o\,\é S]V\(Tl') =0
)(l = -2¢, Salz2l) +2¢ (oS(%)
X(E)z~2c\ S-Sy +2¢, cos(2 )
Y=-2¢-0 +2¢, (1)
Y=-2¢, @ (-2
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X"+4x=0, x(3)=-1, X (5)=4

Which is the correct solution?

(@) x(t) = —cos(2t)+4sin(2t)

(b) x(t) = —cos(2t)—2sin(2t)

(©) x(t)=cos(2t)-2sin(2t) §— the (w;;iu Cgl\uk)/,L
U/\A{ v Cv
)(4 \CD; c\’\ J
(d) x(t) = cos(2t)+4sin(2t) A
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Existence and Uniqueness

are

(1) Does an IVP have a solution? (existence) and

(2) If it does, is there just one? (uniqueness)

2
Hopefully it's obvious that we can’t solve (ZZ) +1=—y2

The !L(,‘/‘r s o \ois% , Yhe r\co\f\‘(

s s o0F Stvalleor
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Uniqueness
Consider the IVP

ay B
=Xy y(0)=0

Verify that y = % is a solution of the IVP. And find a second solution of
the IVP by clever guessing.

k J
x- Y.
Leds Shomw dhok 4 e Sthwes ¢ I
oed SOWVES  Y(o=D,
’ - i - '
Doe s Y=o \9(0\ < 7o =0 e !

. 9 \ ‘o 3__)._3
Dses 1F sdve Ve ODE Wi X 9T X =yX
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Section 3: Separation of Variables

The simplest type of equation we could encounter would be of the form

ay
ax 9(x).
For example, solve the ODE
dy _ 2X _ j‘ !
ax 47 +1. Y= Y AX

s ys [(@&e) I
2x Ix
1\19/*%*6 5)\%:26'(’)(‘1’6
2
A |- porsamexes —Lom‘.\3 ol <olurions .
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Separable Equations

Definition: The first order equation y’ = f(x, y) is said to be
separable if the right side has the form

f(x,y) = g(x)h(y).

(Note this is a product of a function of only x and one of only y.)

That is, a separable equation is one that has the form

dy
o~ 9)h(y).
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Determine which (if any) of the following are
separable.

(a) Zﬁ = x3y We '\*;' S(@o‘a\y({
%(X): X3 m\é k(b):}

(b) Z§:2X+y ne, IhiS S nob S‘(Pmaw
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dy

£-y E -9 ¢
chi};—te’yzo = %L't" te = te-e . e

- = sin(xy?) Ns, ne c“(’ww‘

The Sne con ¥ B prWen o o
prodeck  £i\e 500 -hig)

Pks
.\'. W ) v
L(tg’ TS SepachlL v %l%) : te

g €2
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Solving Separable Equations

Recall that from % = g(x), we can integrate both sides

/ ydx_/g(x)dx

YW+ C = G + G
W G 3§ ony  onderivobive 0F 5069

\0: GLX)+ C (w\l\b\ C‘-Cz'Ct)
We’'ll use this observation!
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Solving Separable Equations

Let’s assume that it’s safe to divide by h(y) and let’s set p(y) = 1/h(y).

We solve (usually find an implicit solution) by separating the
variables.

¥ (Ko é‘a'— %%Ax*

dy
pvi 9(x)h(y)

A dy

. P(&y%dx = g6 dx
Pvd dy = 46d JIx
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Solve the ODE

?;—tet‘yzo = Jfk—: tet';@
?»%% ke’ o Y- be’ ot
5 &Yy - ke db
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This  gives & om-‘swow\-w\ ﬂml.\\o

QQ Cb\u\' ong ‘I’\"f Wi (‘\'\h .

June 6, 2016 21/65



Solve the ODE

¥ _x XG)) - Iy % = -X

ax y

bé\ﬂ_éx = -X é)‘
3¥X

9%

1 ‘Xl 2 2

: ox IX D Sb‘;b : S\‘X;X

W lL‘-"ZC,

June 6, 2016

22/65



Solve the IVP?

dQ
% = —2(Q-70), Q(0) =180
dQ : 0SSt Q-3 %o
T © -2 (030 g
14 L dQ 4. 24t
Q-30 at - Q-3 dt
- - -2dE
o JQ =29

\(,}_ JQ z \(‘420\%

Q-0

"Recall IVP stands for initial value problem. June 6, 2016
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=2 ), Q-3 = -2t +C
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Noos ~po  @(oy= 180

180 =30+ ke - 04k

= k=10

The Slkion b e WP 1S

-2t
Q-3+ ]10e

June 6, 2016 25/65



Caveat regarding division by h(y).
Solve the IVP by separation of variables?
dy _ _

a - X\/ya y(O) =0

| \/_‘_;j,_
é?T:X‘a’z 3yl X : xdx

\;liléﬁ—:)x=x3y = ‘a dg = xd¥

dx
Nl 'h 2
fo%h =[x 552 . X

2Remember that one solution is y(x) = 0 (for all x).
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Losing a solution

The previous example illustrates that it is possible to /ose a solution.
This is something we can be aware of.

For the IVP & = f(x,y), y(xo0) = Yo, we could ask the question
Is f(x, yo) = 07

If the answer is yes, then the constant function y(x) = yo is a solution
of the IVP.
| £ P(x,\qo)v O & YYo= Ye Paon ‘,}‘3 -0

Grd Ake ODE 030 ik 1S cluons drve.
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Find a solution of the IVP

dy 2 _
oV 4 y0)=-2

A osldonbhc WP s g0

V?r.&»\): | £ YeN=-2 e Woy= -2,
e el condidion ndels.
dy
£ gea=-2  Aren ™ =0
J ; ? hY
L - -
e, 0= .
0: y-y =2 O°°
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9= -1 Slves Yhe ODE iy

Rcm‘.e, ' bl\o" -2 §.~.\\MS “"’\2 \\)P,
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Solve the ODE by separation of variables

B

9 -
gy - ™ L
—L—i Sdy s dx
Y-y o dx
- o\\o = c\)(
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\("L— dy = jdx
Use o ?m\;dl Lreckiom dee op  On

e Qe The proben, s
lef}t + e reoden.
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Solutions Defined by Integrals
Recall (Fundamental Theorem of Calculus)

d [ B X dy B
g |, oot =gtx) and / P at = y(x) -~ y(x0)

Use this to solve

Loe N d
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Does ¥ Sl 3‘%’()_ = 9.9

?
;& GO = j‘;(*o ” f %le)é%>

K X
%3 = 0 + f;&x 5l d¥

= 0+ %(s()
% =3 so Yo b sihee dhe
ode .
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Example: Express the solution of the IVP in terms of

an integral.
dy 5 B
- sin(x?), y(v7)=1
“°"( j\S'm(x-L) JX C’lOCSV\/\ \f\M on
c\_em\/c\/\,) OV\M A/;\V&\'QJ‘(—‘

Neww 5= Sl 5o 3o = S (¢
ys-‘ F" ond \30“' l

X
TV\» C‘b\w*m“\ \S b-. L + g g'\!\(el) A k
=
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Fromw hefare «
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