June 14 Math 1190 sec. 51 Summer 2017

Section 2.4: Differentiating a Product or Quotient; Higher Order

Derivatives

First derivative: Zi =y =f(x)

Second derivative: : Zy Zi}zl =y"=f"(x)
Third derivative: : ‘;y 31}3’ =y = (x)
Fourth derivative: Z{ Z?S/ = ZZ = y® = f¥(x)

L d d™ 'y dy
th . —_ = = (n): (n)
n'" derivative: o o X A (x)
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Remarks on Notation

% can operate on a function to produce a new function; e.g.

d [(d?y _ﬂ
ax \dx2 ) = dx3

>

» |It's too hard to read multiple primes (say beyond 3). Parentheses
must be used to distinguish powers from derivatives.

y® is the fifth power of y;
y® is the fifth derivative of y
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Example

Compute the first, second, and third derivatives of f(x) = 3x* + 2x2.

$o0 = 3('4%3) 7 (2x)

12 % + Ux

e =12 (3%°) 7 Hin
: 3by? 4+ M

£ = 36(2x )+ 0 = F2x
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Example e 0 2 peagia < Plogla « fr gl

Evaluate F”(x) and F"(2) where F(x) = x3¢*.

F '—(5; X3)@x + Xj (ié(>

X 3 x
:3qxte +« X e

x J. X
By = (}x 3{1); + 3)?(%6)*(3; X3>g + XG(&xG)
x

- X X 1 X 3
'Ca\(e +3¥15+3X6'f')ce

! i 2 Fatmar e + e
F (o :bxe+lxe +xe () 6(2)e + @ e

=44y
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Question

Let a, b, and ¢ be nonzero constants. If y = ax? + bx + c, then Ly is
y X3

*g"- 2ax + b
(@) 0

9" 2a
(b) 2a+b+c

9 =0
(c) 2a

(d) cannot be determined without knowing the values of a, b, and c.
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Question

True he fourth derivative of a function y = f(x) is denoted
by

dy*
dx*’ 4
W S
Y 3
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Rectilinear Motion

If the position s of a particle in motion (relative to an origin) is a
differentiable function s = f(t) of time t, then the derivatives are
physical quantities.

Velocity: is the rate of change of position with respect to time
v = f(1).

Acceleration: is the rate of change of velocity with respect to time
a=9 ="f).
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Galileo’s Law

Galileo’s law states that in a vacuum (i.e. in the absence of fluid drag),
the position of any object falling near the Earth’s surface, subject only
to gravity, is proportional to the square of the time elapsed.
Mathematically, position s satisfies

s= —ct?.

Show that this statement is equivalent to saying that the acceleration
due to gravity is constant.

\lo\oc‘ﬁ v %SF : -2¢c €
S

i g =

t - 3kt - -2(’ a (ov\&'\'mf

o—

{

oCcel grakon o=

Q|
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Question

A particle moves along the x-axis so that its position relative to the

origin satisfies s = 13 — 412 + 5¢. Determine the acceleration of the
particle at time t = 1.

(c) a(1)=6t-8

(d) a(1) =32 —8t+5
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Section 2.5: The Derivative of the Trigonometric

Functions

functions.

We wish to arrive at derivative rules for each of the six trigonometric

Recall the limits from before

\e
g . sinf
3597 S _
S - 60 0

Ths 2gyaton Sin@Q

1 and lim cosf—1 _

Mouve
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d . d i
rr sin(x) = cos(x) and ax cos(x) = —sin(x)

We’'ll prove the first (the second is left as an exercise).

Pecadd S (AB) = Sinl GsB + SR Gsh

Sun(x4n) = Sialx)

d 0.
5(' S“"()() - h-:g \'\l
C Qi S0 Cos(R) € Sial)Cos () — Sinle)

hoo \A
Sn (3 Cos (0= Snl) + S () Cosbd

< e
W2 o N
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il

(0N

hso

Bine

h-0

= Q\'\—-\

W>0

=

Sw(y) (Co((‘«\-\\ € Coslx) SnlW)
'

Sw(y) ((bj(\,\\-\) . Cos () Sw (§)
W “

- S (
S'm(ﬂ( Eog(h/\\—\ + Cos () ( W \
I 3

Swd 0+ Cos(x)-\

Cos (x)
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' d
Thol < Ix S0 = Gy
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Figure: Graphs of y = sinx, y = cos x, y = — sin x (from top to bottom).
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Examples: Evaluate the derivative.

jé; Su\)( “+ q %G)IX

d , .
(@) a(smx+4cosx) .
© Cosx +M (—S'\AX)

Cosx -Y Sinyx

(b) @94sm9 e)s B + @ (r ‘“9\

B L\e SMS ¥ 6 G)Se'
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Use the fact that tan x = sin x/ cos x to determine the derivative rule

for the tangent. Af_ ) 3e‘% -0 \
dx O() (D)SL

d d (sinx)
— tanx

dx ~ dx \cosx
2
(& o) Gux = sax ()
e >
((uf)()?-
Coex Cosx - Swx (‘3““)‘) _ Cos’x + Sh i
COSZX Co&zx
: \
2 = Secx
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Six Trig Function Derivatives

. d .
— sinx = cos x — COSX = —sinx
ax ’ ax ’

gy [anx = sec? x, o Cotx = - csc? X,

—secx = secxtanx, — CSCX = —CSC x cot x
ax ax
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Question

Use the known derivatives ;( tanx =sec®x and

;L sec x = secxtanx to evaluate the derivative of f where

f(x) = tan x sec x

(a) f(x)=sec?®xsecxtanx

(b)) f(x) = sec® x+sec xtan? x (’f"é"“} Clle

c
d

(c) f'(x) = cotxsecx+tanxcscx
(d)

f'(x) = secx
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Example

Find the equation of the line tangent to the graph of y = csc x at the
point (7/6, 2).

o x= T
Ge rwd M My f @K
w -
'j_z D Csex Gobx 5o M= tGoy Gl 5
b-‘jo’v G"\b“xo)
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Section 3.1: The Chain Rule

Suppose we wish to find the derivative of f(x) = (x? + 2)2.

e (on C‘)‘f"““ "H\.’ 37\)0"‘& ‘C(X) - X“‘+ qwqu

S Py YU e By 10

Now suppose we want to differentiate g(x) = (x? + 2)'°. How about
F(x)=+vx2427? '

(X) X2+ LC (o \ & exp e g, bk We o lok of wor'\u\'
We howt e Ly ok fnding F '(,() w W

onr  Cuecent rulas,
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Example of Compositions
Find functions f(u) and g(x) such that

F(x) = vVx2+2=(fog)(x).

18 fylw  aw gz X2
e Ym-—(fvﬁ\"“

Crcs (fopin - £(5u0) y
z (_‘(xz*—z/): §X7'+Z =} (<)
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Example of Compositions
Find functions f(u) and g(x) such that

X

F(x) = cos ( - ) — (fog)(x).

o

TQ\L(' ‘\F((ﬂ) = Cos owe 9()(\ = x

Cresei ($og)a = £ (qoa)* F(FX)

= COE(_\’-\,—_X\ = V(sﬂ

/
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Theorem: Chain Rule

Suppose g is differentiable at x and f is differentiable at g(x). Then the

composite function
F=fog

is differentiable at x and

d d / /
o F0 = - H(9(x) = F(g(x)g (x)

In Liebniz notation: if y = f(u) and u = g(x), then

o _ oy du
dx  du dx’
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Example

Determine any inside and outside functions and find the derivative.

(@) F(x)=sin’x - (S“x)
orede Plys Wb el incde LTG00= Sinx

L= 2w Q' < Cosx
' | )
¥io: £ (%(q) 500

S

?'(543 AR Co!x
-r/')

A"*"k M ok
w w”
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(b) F(x)= ex4*5X2+1 : exp ()(‘1-— Sx1+\>

“ s
Hoo, Dlrz e omd we gDz X5

oo 3
Plw= e g'tos 4z - 10x

Pl f l(oom\ ad'(x)

- e)(“,Sx’w-\ ‘ (L\x’i_\bx)

)(“- §x1f \

© (ud-\0x) e
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Question

Find G'(0) where G(0)

Use inside u=

-
) u‘z

0
2
% and outside G(u) =cosu

1

GI(‘A)" -Sn e
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The power rule with the chain rule
If u= g(x) is a differentiable function and n is any integer, then

Evaluate: a e’ =
ax

hane

S

—u”:nu’HQ.
dX dxrg ’ (,)W k:
.?‘(3(«))‘ %(’A INTAN
d X\7
a(e)
1 ! v
fla: W s fw=Fe
x / X
6(’() T e SO %,()() e
q—
d X J -
x€ * XX (e)
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Meke £

)
—~
B
N

-
mx

_ bx X
N ?’8 e
(X +X
‘Yo -} "
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Question

Use the power rule with the chain rule to find the derivative of

f(x) = cos? x. ] e

T _ —_—
> W o I

(a) f/(x) = —sin®x

(b) f(x) =2cosx

@ f'(x) = —2cos x sin x

(d) f/(x) = —sin® xcos x
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Questions

Consider the composition  f(x) = 5",

Which pair could be the inside and outside functions in this
composition?

(a) inside e* and outside sinx  — S é‘)

(b) inside In x and outside sin x

SinX
(c))inside sin x and outside e¥ — e

(d) inside sin x and outside In x
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Questions

Use the chain rule to find the derivative & ein*.
(a) sinx esinx—1

(b) cos x gsinx—1

@cos x esinx

(d) esinx

June 13, 2017 32/81



Questions

If f(x) = €%, the value of f(0) is

(a) f(0)=0 Smlp)z 0 o2 @o =\
f(0) =1
(c) f(0) = e

(d) f(0) can’t be determined without more information.
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Questions

Find the equation of the line tangent to the graph of f(x) = "~ at the
point (0, f(0)).

l Siw (oY
'p (&t Cor((b e = \\’\
owd (O)C(o\\ < (01\\~
(b) y=1
(€) y=x-1
(d)y y=ex+1
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Multiple Compositions

The chain rule can be iterated to account for multiple compositions.

For example, suppose f, g, h are appropriately differentiable, then

d d / / /
g (Fogomx) = - H(g(h(x)))= F(g(h(x)))g'(h(x)) H'(x)

Note that the outermost function is f, and its inner function is a
composition g(h(x)).

So the derivative of the outer function evaluated at the inner is
f'(g(h(x)) which is multiplied by the derivative of the inner
function—itself based on the chain rule—g’'(h(x))H (x).
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Example

z
(6 (38)
Evaluate the derivative jttanz (;te') It ( ben ('\i )

H‘N- -C((A-): U:L w= EN(%G) N ’CN\(\'\ Wy \}:J.i
fluy: 2w 4l %20y e Fee et

g afsEy a5 s (58
AP e (AP sl (5E)
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Exponential of Base a

Let a > 0 with a # 1. By properties of logs and exponentials

g< = ellna)x, (Jna)x S Dna bwer x
Recote X
= b
;‘::(?(Dv\a : aa o s M

H
d (-WO\X (,91/\03)( xIwor Qv\a)f »
I € e .0 e e Q@

woL
- G\K ’ 91\0\.
Theorem: (Derivative of y = 2) Leta>0and a # 1. Then
d — X
aa’( =alna
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Example
Evaluate

@ S =YY

d Cosw

(b) &2005)( - 9 9\‘\2 a("S'\f\XB

Cot X

© - ud Snx 2

w
flwy= 2
\C'M= Zmﬁv\Z
s Cosx

l;\.l T - QwnX
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Section 3.2: Implicit Differentiation; Derivatives of the

Inverse Trigonometric Functions

The chain rule states that for a differentiable composition f(g(x))
9 fg(x) = F(a(x)g (%)
ax

For y = f(u) and u = g(x)

o _ay o
dx  du dx
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Assume f is a differentiable function of x. Find an expression for the
;%u"' = lw

Example
derivative:
oukcde W
dx () - 2L60 4:‘6() wede  F00 a%("(ﬂ) =L
ouede  kan(w) Jé faniu = Seclr
d tan (f(x)) g:(fm\ ?'m Wwede  £60) _é;pm-.f’(x)

ax
June 13, 2017



Example

Suppose we know that y = f(x) for some differentiable function (but
we don’t know exactly what f is). Find an expression for the derivative.

\ .
d 1 9y 2 . =
dx zr " dx okede 1y %Va AT
. d
\v\s-h Vé ) _:::\9 - ﬁ

a =
1\, O
i(xzy2=;’%><)‘a + % (Ax\é}

. d
S oy ¥ xi(zva'fﬂ Doy X
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Question

Assuming that y |s some differentiable function of x with derivative & dx,
the derivative of y° is

d3_
(a)dy 3y?

X

d 3 2dy
dx’v =373

© g =3 (%)’
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Example

Consider the simple example y = x?. Compute cz(yS.
\C ~ . 3 b
yax' ) then t(f-.(x)‘-x

S
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Example

Consider the simple example y = x? so that % = 2x. Compute each of
2 2 < “

(a) 3y "?)(X) z ’3)(

S

1
(b) 3y23§ - 3()(2).(2)‘3 st () = Ox

(c) 3(dy)2 22 (Zx> - 3(ue) = 2

dx
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Implicitly defined functions
A relation—an equation involving two variables x and y—such as

X2+ y2=16 or (x®+4y?)®=x?

implies that y is defined to be one or more functions of x.

-p.r CWM?LL )(1-(* ‘31:\(9 > \,67': \b‘)(m

5 ik o0 §* “Yieme
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Figure: x2 + y2 = 16
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Figure: (x2 + y2)% = x2
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Explicit -vs- Implicit
A function is defined explicitly when given in the form
y = f(x).

S'W\)(

e‘%- ba—_ el"\)f or ‘91 e

A function is defined implicitly when it is given as a relation
Fx,y)=C,
for constant C. .. :
en  (Fep)-X =0 o \39“‘% = xe + CorX
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Implicit Differentiation
Since x? + y? = 16 implies that y is a function of x, we can consider
it's derivative.

4
X

Take £ of Lok cilie of Y relakon,

Find given x2+ y? =16.

d v -
S (2ed & () 2 FXegy T

= 2x+2\9éﬁ=0

dy . . d
2‘3;%6' ZX#_\%:
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Show that the same result is obtained knowing

y=v16—x2 or y=—-16—x2.

T do W L\FYL e Love Wt Second 0 on exenase

O(A,‘\’Q\\é(. X: Né \l“gl\k U\'.' “o -yﬁ'

N P 2 (bt = -2x

du T ol
-7
ih- - /\_ . (’ZX) < /X_/
Ix 2\ lo-x* AL
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