June 5 Math 1190 sec. 51 Summer 2017

Section 1.2: Limits of Functions Using Properties of Limits

We had the following results:

Theorem: If f(x) = Awhere Ais a constant, then for any real number
c

lim f(x) =lim A=A

X—C X—C
Theorem: If f(x) = x, then for any real number ¢

lim f(x) = limx=c
X—C X—C
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Additional Limit Law Theorems
Suppose

)I('an f(x) =L, )I(incg(x) = M, and k is constant.
Theorem: (Sums) )I(iLnC(f(x)Jrg(x)) =L+M
Theorem: (Differences) )I(i_n}nc(f(x)—g(x)) =L-M

Theorem: (Constant Multiples) )I('an kf(x) = KL

Theorem: (Products) )I(l_ngc f(x)g(x) = LM
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Additional Limit Law Theorems
For positive integer n

Theorem: (Power) )I(iLnC(f(x))” =L"

Note in particular that this tells us that )I(@C x"=c"

Theorem: (Root) )I(iLnC\”/f(x):\”fL (if this is defined)

) L i mzo

Theorem: (Quotient) lim a0 = W

Theorem: If R(x) is rational, and c is in the domain of R, then
)I('an R(x) = R(c).
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Example: Using the laws directly

Evaluate if possible  lim &2 o9 g ol
valuate It possiole m ,
t—3 t+2 etz ol B s
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Additional Techniques: When direct laws fail

Evaluate if possible  lim Xsi
x——1 X3+ 1
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Additional Techniques: When direct laws fail
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Question

» T 412 &~ +12
Evaluate if possible  lim —— sz e
2\/)7_ xX>2 r kg
0 (x-2) (5‘-“'5’
(a) % X+ 7 X /-7
(b) v2 %?1 (% +1) = 12 +% = 282
(c) DNE

~ 2z
(d) 2v2 (W - (Ex+R) =(W3-E W o2 T - (1)
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Observations :

In limit taking, the form " %” sometimes appears. This is called an
indeterminate form. Standard strategies are

(1) Try to factor the numerator and denominator to see if a common
factor—(x — c)—can be cancelled.

(2) If dealing with roots, try rationalizing to reveal a common factor.

The form
, honzero constant,,

0

is not indeterminate. It is undefined. When it appears, the limit doesn’t
exist.
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Example
Let f(x) = x® + 2x. Determine the difference quotient

f(x + h) — f(x)
h

for h#0.
Next, take the limit as h — 0 of this difference quotient.
foo = X 2x

£(xen) = (e + 20Hh)
e 3><z\:\+‘3x‘n1+\r\3 t 2x+2h

Poem)-£60 3 3@t dieh # e = (4 2x)
T 60 K3t g Bch b e X0 DX
n W
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Section 1.3: Continuity

We have seen that their may or may not be a relationship between the
quantities
lim f(x) and f(c).

X—C

One or the other (or both) may fail to exist. And even if both exist, they
need not be equivalent.

We’ve also seen that for polynomials at least, that the limit at a point is

the same as the function value at that point. Here, we explore this
property that polynomials (and lots of other functions, but not all) share.
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Definition: Continuity at a Point

Definition: A function f is continuous at a number c if
lim f(x) = f(c).

X—C

Note that three properties are contained in this statement:
(1) f(c) is defined (i.e. c is in the domain of f),

2 )I(@c f(x) exists, and

(3) the limit actually equals the function value.

If a function f is not continuous at ¢, we may say that f is
discontinuous atc
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Polynomials and Rational Functions

In the previous section, we saw that:

If P is any polynomial and c is any real number, then )I(Ian P(x) = P(c),
and

If R is any rational function and c is any number in the domain of R,
then )I(imc R(x) = R(c).
—

Conclusion Theorem: Every rational function' is continuous at each
number in its domain.

"Note that polynomials can be lumped in to the set of all.rational functions.
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Examples: Determine where each function is
discontinuous.
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http://www.wolframalpha.com/input/?i=plot+%5BPiecewise%5B%7B%7B2x,+x%3C+1%7D,+%7Bx%5E2%2B1,+1+%3C%3D+x+%3C+2%7D,+%7B3,+x+%3E+2%7D%7D%5D,+%7Bx,+-1,+3%7D%5D
http://www.wolframalpha.com/input/?i=plot+%5BPiecewise%5B%7B%7B2x,+x%3C+1%7D,+%7Bx%5E2%2B1,+1+%3C%3D+x+%3C+2%7D,+%7B3,+x+%3E+2%7D%7D%5D,+%7Bx,+-1,+3%7D%5D
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Question

x2—1
Determine whether f is continuous at 1 where f(x) = { ?7 if 1
fiv=12
(a) No because f(1) is not defined. e [N X -\
foa = a1 X=)

@Yes because all three conditions hold. X2

\
(c) No because lim f(x) doesn't exist. SN (x"su
X—

¥l T o

(d) No because f is piecewise defined.
A ey sw1=2

- £y
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Removable and Jump Discontinuities

Definition: Let f be defined on an open interval containing ¢ except
possibly at c. If )I('an f(x) exists, but f is discontinuous at c, then f has a
removable discontinuity at c.

Qs 05 A wae Khe SMP\N

Definition: If lim f(x) = L{ and lim f(x) = L, where Ly # L5 (i.e.
X—C~ X—ct

both one sided limits exist but are different), then f has a jump
discontinuity at c.
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Removable and Jump Discontinuities

y=H{)
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Figure: Example of a removable (left) discontinuity and a jump (right)

discontinuity.
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One Sided Continuity Example:

Consider the function f(x) = v9 — x2. Plot a rough sketch of the graph
of f, and determine its domain.
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f(x) = VI~ %

Note that f is continuous on —3 < x < 3. What can be said about

lim_f(x) or  lim f(x)?
x—>-3 x—3

TL“Q{, 9‘\w| s éGV\(\' e\ Sh, Sin _C NE'Y
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Continuity From the Left & Right

Definition: Let a function f be defined on an interval [c, b). Then f is
continuous from the right at c if
lim f(x) = f(c).
Xx—ct

Let f be defined on an interval (a, c]. Then f is continuous from the left

at cif
lim f(x) = f(c).

X—C™
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Example: f(x) = V9 — x2

Show that f is continuous from the right at —3.

p s defined on [.3‘ ‘3‘). ‘P(33: 50\_ (’:'))1 - !q_o\ -0
S fon = O~ . Y"'—:; = \a-
X=° KR X -3
Noke O~ , {00 = f).

x>-3%
¢ -C (oIS "('("‘ e r\‘%\'\&' e -3.
< S ANV IV
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A Theorem on Continuous Functions

Theorem If f and g are continuous at ¢ and for any constant k, the
following are also continuous at c:

(Vf+g, (if-g, C(iiykf, (iv)fg, and (v);, if g(c) # 0.

In other words, if we combine continuous functions using addition,
subtraction, multiplication, division, and using constant factors, the
result is also continuous—provided of course that we don’t introduce
division by zero.
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Questions

(1 )@:r False If f is continuous at 3 and g is continuous at 3, then it

must be that
lim f(x)g(x) = £(3)9(3).

ero)u.()r o((' Con™ ’CW“}‘MS s

(2) True oIf f(2) =1 and g(2) = 7, then it must be that

Considey, Mon Exomple im 001

(or\'t.

x—2g(x) 7

@(X)'— \ , %()O: x‘-z 5 X+ 2
£ xX=2

)
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Continuity on an Interval

Definition A function is continuous on an interval (a, b) if it is
continuous at each point in (a, b). A function is continuous on an
interval such as (a, b] or [a, b) or [a, b] provided it is continuous on
(a, b) and has one sided continuity at each included end point.

Graphically speaking, if f(x) is continuous on an interval (a, b), then
the curve y = f(x) will have no holes or gaps.
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Find all values of A such that f is continuous on
(—o0, 00).
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Compositions

Suppose )I(imc g(x) =L, and f is continuous at L, then
*)

lim f(g(x)) =f(L) ie. lim f(g(x)):f(xliang(x)).

X—C

Theorem: If g is continuous at ¢ and f is continuous at g(c), then
(f o 9)(x) is continuous at c.

Essentially, this says that "compositions of continuous functions are
continuous.”
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Example
Suppose we know that f(x) = e is continuous on (—oo, c0)?. Evaluate

im e th@® TR X”-_f_Q,\-L,‘l—; (ordnudS Cutaginiae

x—4/In(3) s o re\vl\u\—\"—’v .

T
e L Pgw).
T&a (m’t‘.r\u"x’\a
o X () I2

e =1
X-‘)ng‘g =

M3 h2
:€m3+0n2 e e 3206

2This is true.
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Inverse Functions

Theorem: If f is a one to one function that is continuous on its domain,
then its inverse function f~ is continuous on its domain.

Continuous functions (with inverses) have continuous inverses.

For Example: If we know that sin x is continuous on its domain, then
we can conclude that sin~" x is continuous on its domain.
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Theorem:

Intermediate Value Theorem (IVT) Suppose f is continuous on the
closed interval [a, b] and let N be any number between f(a) and f(b).
Then there exists c in the interval (a, b) such that f(c) = N.
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Application of the IVT

Show that the equation has at least one solution in the interval.
x—1=4-x> 1<x<2
S A Vv -q+x3. Dok ok F ¢ sanckies
Ploy:o, thon c__\—\4+63=0
2  C-\ = 4-¢°
flon,

QL equa
Thor S, C e Sl -y orgvel @9

_P ‘IS ey e,;\\? [N LY

3
And Fm—.\-\-"\ﬂ"‘——-’SJ P@=2\1Mv+2 =S
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Section 1.4: Limits and Continuity of Trigonometric,
Exponential and Logarithmic Functions

Here we list without proof® the continuity properties of several well
known functions.

sin x: The sine function y = sin x is continuous on its domain (—oo, ).

cos x: The cosine function y = cos x is continuous on its domain
(—00, 0).

e*: The exponential function y = e~ is continuous on its domain
(—o00, 00).

In(x): The natural log function y = In(x) is continuous on its domain
(0, 00).

%You are already familiar with their graphs.

June 1, 2017 39/99



Additional Functions

» By the quotient property, each of tan x, cot x, sec x and csc x are
continuous on each of their respective domains.

» For a > 0 with a # 1, the function
2= exln a

By the composition property, each exponential function y = a* is
continuous on (—oo, c0).

» For a > 0 with a # 1, the function

In x

log,(x) = na

By the constant multiple property, each logarithm function
y =log,(x) is continuous on (0, co).
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Example
Evaluate each limit.

(a) )![gr cos (x + sin x)

® Cos (-\v+ S'MT(B
T Cos ( m«o\ :

Gaw

Cos () = -\
\
- e T e
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Question

?
Evaluate the limit lim In(cos? x). : O ( Gs ‘fx
X—T

(a) e =9v\((-|}) -0\ =0
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Squeeze Theorem:

Theorem: Suppose f(x) < g(x) < h(x) for all x in an interval
containing ¢ except possibly at c. If

fm () = Jim, ) = L

then
lim g(x) = L.

X—C
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Squeeze Theorem:

hix)

glxl

Jix)

L]

Figure: Graphical Representation of the Squeeze Theorem.
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