March lo Math 2306 sec 58 Spring 2016

Section 9: Method of Undetermined Coefficients

The context here is linear, constant coefficient, nonhomogeneous
equations

any" +an 1y 4+ apy = g(x)
where g comes from the restricted classes of functions
» polynomials,
» exponentials,
» sines and/or cosines,
» and products and sums of the above kinds of functions

Recall y = yc + yp, so we'll have to find both the complementary and
the particular solutions!
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Some Motivating Examples
Find a particular solution of the ODE

y' =4y +4y =8x+1

We made a guess that y, = Ax + B, aline, since the right hand side is
a line. We found that this worked with A =2 and B = 9/4 giving the
particular solution yp, = 2x + 9/4.

y// _ 4y/ + 4y — 663X
We made a guess that y, = Ae®* which matches the basic form of the

right hand side. We found that this worked with A = 6 giving the
particular solution y, = 6€%*.
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Make the form general

y' —4y' +4y = 16x2
With this one, we tried setting y, = Ax?, but we couldn’t solve the

equation for any value of A.

We corrected it to the form y, = Ax? + Bx + C and found that this does
solve the equationif A=4, B=8 and C = 6. So we found the
particular solution y, = 4x2 + 8x + 6.
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General Form: sines and cosines

y" —y' = 20sin(2x)
Here, we have tried to find a particular solution using the guess
¥p = Asin(2x).
The resulting equation upon substitution became
—4Asin(2x) — 2Acos(2x) = 20sin(2x).

Unfortunately, this would require A = —5 = 0 which is always false!
Hence we seek to accomodate the presense of the cosine by making

the new guess
¥p = Asin(2x) + Bcos(2x).
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Examples of Forms of y, based on g (Trial Guesses)

(@) g(x) =1 (or really any nonzero constant)
Oéegrce P§l>n“w¢¢~9- \3\° = A

(b) g(x) =x—-7 2
|s* Jeqr—««e P“B' Ye* Ax +
(c) 9(x) = 5x
tx)’- f—\><+3

(d) g(x) =3x3 -5
3re éegr{e Pa\a

4o Al v B ¢ Cx+ 1D
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More Trial Guesses 3

(e) g(x) — xe3X fru\k,()' o&— \5)— c]etsm( P°\‘o e e

- (Ax +8) 63)(

(f) g(x) = cos(7x) 0p- A Cos (1 + R on(3x)

(9) g(x) = sin(2x) — cos(4x)
gpr RS2 +RLos(0) ¢ € sl + DS (M)

(h) g(x) = x2sin(3x)  Quodcanc Tiwus S | Coswmas

N (l\)}-f&)( () $n(3x) + (,wa. +Ex¢F) Cos (3%)
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Still More Trial Guesses

X
(i) g(x) = e*cos(2x) \DP: A@X CoS(?.X)i— (&6 g’m(z.x)

8%
09 =xe" o (pERAt D) e

(k) g(x) = xe~* sin(wx)

- ¥
Ye* (Ax-r@ @-X Sin (ﬁx\ + (me\ e (o (ﬁx)
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The Superposition Principle
y" —y' =20sin(2x) + 4~

We Co~ (onﬁ&x ‘\'uo S\.bPrh\J lems
50\\/'03 b‘\') be\

no_ \Q\ = 20 Sw (Z,)(\

Vo ‘-\e_sx Selwe & an VP2

be fand Yhat Yoo 4 Snlax) + 2 Cos (29)
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A Gilitch!

leX's guess thet o= Ae

09‘:39” e

) . >
we need \Of\ '\Of = e

X g .
Ne - e =3e
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We'll consider cases

Using superposition as needed, begin with assumption:
Yo =Ypoy T+ Vo

where y,, has the same general form as g;(x).

Case I: y, as first written has no part that duplicates the
complementary solution y.. Then this first form will suffice.

Case ll: y,, has a term yp, that duplicates a term in the complementary
solution y.. Multiply that term by x”, where n is the smallest positive
integer that eliminate the duplication.
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Case Il Example
Find the general solution.

y// _ 2y/ +y — _
F'tf\é bc A \e“ - 2\0\ ty = O
Charackenshic ¢V ™m
% X

. = Xe
3\'8/&%

X %
Y G € t (. Xe

4e*

2-ZM4'\:O

(M-\)ZT‘ O

M=\ Fepestts Fodk
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Find O¢ - bk Quess 9, * %
l,\)Or‘\‘\ wor Yh\¢ S ()o\,_,\— ok \Oc

X
\r3 \\')\’ = AX@ 3\’\\\ ()q,\‘\’ 0«(* \’\)C
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n X

9" - 2o 0y T Me

X * 1 X )
Ax ex+ Y Ax ex+2Aé< -2 (AQC +2Axe\+ Ax e

L X X
(-2 A IXE +{an-1a)xe +2Re -
QACX . ug 2 A2

2 X
Sv \O‘o: -2xe
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Y =

G, e

+ C.x €

_2x e
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