March 16 Math 1190 sec. 63 Spring 2017

Section 4.2: Maximum and Minimum Values; Critical Numbers

We defined both local (relative) and absolute (global) extrema, and
stated a few key definitions and theorems.

Theorem: Extreme Value Theorem (EVT) Suppose f is continuous
on a closed interval [a, b]. Then f attains an absolute maximum value

f(d) and f attains an absolute minimum value f(c) for some numbers ¢
and d in [a, b].
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Related Theorems

Fermat’s Theorem: If f has a local extremum at ¢ and if f/(c) exists,
then

f'(c)=0.

Definition: A critical number (a.k.a. critical point) of a function f is a
number c in its domain such that either

f(c)=0 or f(c)does not exist.

Theorem:lf f has a local extremum at ¢, then c is a critical number of f.
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Example

Find all of the critical numbers of the function.

g(t) = t/5(12—t)

We did this on Tuesday and found that g has two critical numbers, 2
and 0.
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Example
Find all of the critical numbers of the function.

TkL Ll ot 0L F 1S COJMB,
Flx) = ’ '

Fnd F'(k) . F’(y):
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Question

Find the derivative of f(x) = xe*.

d_\ ¥

(a) F(x) = xe* o'k (26) +C&7‘)a
b) f/(X):eX Txe tle
g (X+1)

c) f'(x)=(x+1)e*

d) f'(X) — X +Xzex71
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Question

Find all of the critical numbers of the function.

Pl (e

f(x) = xe*
0 s defined  nese
(@) —1and 0 X
f'no @ (ke =°
(b)) 1 5 xelz0 o €70
(c) —1tand e o N;“\W

(d) There are none
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Using the Extreme Value Theorem
When the EVT applies, each absolute extrema occurs either at

» at an end point, or
» in between at a critical point.
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global maximum

global minimum ¥
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Example

Find the absolute maximum and absolute minimum values of the
function on the closed interval.
q s tonvnoe S

(a) g(t) = t"°(12—t), on [-1,1] £, s closed .
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March 16, 2017

9/62



'l
g =& r(\2-%3

41 = (-u).)s (- (0 = 2\ (13 =13
O o”;(\z_o\ - o\ =0

3y = \'ls(\z-\) .o un =W

The obos, aovwe S W= g ()

The Qos. ™~ 1S 213 %(-\\,
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(b) f(x)=xe*, on [-3,1]

Q L\aé ore Cr,\—\log- no, ‘\ RN T "\'\L
wbegod . Compare P RY, £, £y

2 3 e~ 2. 199,
- - - — . "
L(»:-3e e’ L e X

ad

-3

A e P 4, 3

4:('\)'- -\e - e __Z:‘ o _:;_5 . ﬁ c -
. = -\ A
L) =16 =€ ¢wx >~ o~ 3

March 16, 2017 11/62



T)N o\oN\w\C«. o ve\ute VS e = C(\)‘

. -\
TK a‘of&‘h\;«, [ Vel Y .—E: < 'p(’\\.

March 16, 2017 12/62



Question

Find all of the critical numbers of the function

(x) = 142733

(a) 0and 27

(b) 0and 3

@3 and 3

(d) —3,0,and 3

0= 9230 = 362
3 ‘3(5‘)‘3 (?f)()

Peazo » 3R
3-X=UV or J+4%x=0

X:3 or X:-?

fllg ¥ Awey debntd
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Question
Find the absolute maximum and absolute minimum values of the

function on the closed interval. Phod one cob. Nuaber nsite Y
'.w\'w‘v"L .
f(x) =14+27x—x3, on [0,4]
floy =\
- . . . f3y: ss
Minimum value is 1, maximum value is 55
flwy - 4s

(b) Minimum value is 1, maximum value is 35

(¢) Minimum value is —53, maximum value is 55

(d) Minimum value is —53, maximum value is 35
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Section 4.3: The Mean Value Theorem

Rolle’s Theorem: Let f be a function that is

i continuous on the closed interval [a, b],
i differentiable on the open interval (&, b), and
i such that f(a) = f(b).

Then there exists a number c in (a, b) such that f’(c) = 0.

The Mean Value Theorem (MVT) is arguably the most significant
theorem in calculus. This is even accounting for a theorem we’ll
discuss later called the Fundamental Theorem of Calculus.
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Rolle’s Theorem
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Example
Show that the function f(#) = cos # + sin § has at least one point ¢ in
[0, 7] such that f'(c) = 0.
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The Mean Value Theorem

Theorem: Suppose f is a function that satisfies

i fis continuous on the closed interval [a, b], and
ii fis differentiable on the open interval (a, b).

Then there exists a number c in (a, b) such that

f'(c) = w, equivalently f(b) — f(a) = f'(c)(b— a).
"

6\5‘)& 0,‘. .W\‘ S-Lco‘.\* IQ\N

(a Ca) a2 (b, {0,

Ine
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Mean Yalue Theorem
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Figure: Celebration of the MVT in Beijing.
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Example

Verify that the function satisfies the hypotheses of the Mean Value

Theorem on the given interval. Then find all values of c¢ that satisfy the
conclusion of the MVT.

fx)=x3-2x, [-2,2]

T, 1) ae
. ) A Vs 0w
As a(n\u):\w‘"\ , Fis o

Jilfeunkiakte on (-2,2).
3
fs. (v-2tv -t fesz22e
Fay-£(v Y-t

2-(-2) 2-()
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