March 22 Math 2306 sec. 57 Spring 2018

Section 13: The Laplace Transform

Definition: Let f(t) be defined on [0, c0). The Laplace transform of f is
denoted and defined by

2Lt} = /OOO e~Sif() ot = F(s).

The domain of the transformation F(s) is the set of all s such that the
integral is convergent.
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Some Examples

We computed the following Laplace transforms from the definition

1

Z{1} = —

{i}=5 >0
z{t}:?, s>0
é_ée—108_%e—1087 3750

Z{f(t)} =
100, s=0
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A Table of Laplace Transforms

Some basic results include: ;{” (Ui" F
> Z{af(t) + Bg(t)} = aF(s) + G(s) ¥ [ylof: OO

v

Z{1y=1 s>0

v

L{t"y = J5, s>0forn=1,2,...

v

Z{efy =, s>a

s>0

v

Z{coskt} = 527,

s>0

v

ZA{sinkt} = kz,
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Examples: Evaluate ¥ Japloc dronshse of

© f)=(2-12 = 4-4k+t
Distihnbe fiesk

g} - glu- vt el Cqg Do wgiey e LS
:‘1("\s’>“1 (?‘.I\'\-e %‘—

:.L_L—+£'—3—
5 8 5
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Examples: Evaluate

Re celd

(d) f(t) = sin®5t 22Q: % - 1 Gs(20)

SL oY Ges(10d)

RIONE ;HLL “i(*‘('“'}
t‘[{$ :%3{\1_{1:{{&5(\0“}

= l_L(AS’) - l‘I'_ ( g"s-f\bo)

A L

Q 2 g
—_— - —
S S“'.‘,IQO
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Sufficient Conditions for Existence of -Z{f(t)}

Definition: Let ¢ > 0. A function f defined on [0, ) is said to be of
exponential order ¢ provided there exists positive constants M and T
such that |f(t)] < Me“ forall t > T. )

(&

& -(:qro-—‘s ~o 4¢S\h Yoon  on eyf.N\HckQ« c

Definition: A function f is said to be piecewise continuous on an
interval [a, b] if f has at most finitely many jump discontinuities on [a, b]
and is continuous between each such jump.

(no Jubed 05\3“'(‘\"\'“)
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Sufficient Conditions for Existence of -Z{f(t)}

Theorem: If f is piecewise continuous on [0, co) and of exponential
order c for some ¢ > 0, then f has a Laplace transform for s > c.

An example of a function that is NOT of exponential order for any c is
f(t) = e’’. Note that

f(ty=e" = (e')' = |f(t) > e whenever t>c.

This is a function that doesn’t have a Laplace transform. We won’t be
dealing with this type of function here.
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Section 14: Inverse Laplace Transforms

Now we wish to go backwards: Given F(s) can we find a function f()
such that Z{f(t)} = F(s)?

If so, we’ll use the following notation

27 F(s)} = f(t) provided Z{f(t)} = F(s).

We'll call f(t) an inverse Laplace transform of F(s).
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A Table of Inverse Laplace Transforms

- 27 {1} =

» 27 { It =t"forn=1,2,...

. 1{3 a}:eat
> g*%ﬁ}:coski‘
> ¥ 1{

32+k2} = sin kt

The inverse Laplace transform is also linear so that

2~ {aF(s) + BG(s)} = af(t) + Bg(1)
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Find the Inverse Laplace Transform

When using the table, we have to match the expression inside the
brackets {} EXACTLY! Algebra, including partial fraction
decomposition, is often needed.

a6 1& ©
1 Vron»\/\\\ \—ﬁ\yu. \ii‘{{' {:
(@) 3—1{;}
\
[ Y A - _L_
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Example: Evaluate

_ \
(b) 31{S+1 } s:\ s ) ,
s2+9 ——

(o

g s L E

- s« 5 sn0Y)
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Example: Evaluate
ds o fk-\—\eﬂ .C‘oc,l-.w\ cs/ecoh(’_

L\,é\\
1 s—8
© Z {32—25}
s S8 A B
-2 g(g-'b) < ¢-?

Cleer Lrockions
s-8 = A(s-2)+"8S

W S: 0 —8:'ZA = A-'q

S=2 bR o B3
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Y -3et

)
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Section 15: Shift Theorems

Suppose we wish to evaluate .2~ {(351 3 } Does it help to know that
Z{} =57

Noke t
By definition .# {ettQ} = / e Stelt? dt e - des)(-r
0
-(s-0Nt
M _(s-DE =
: S e AL €

o

This s f{ L}} v| s r‘c()\‘f-té NV W e

Observe that this is simply the Laplace transform of f(t) = ? evaluated
at s — 1. Letting F(s) = . {t?}, we have

F(s—1)=

(s—1)%
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Theorem (translation in s)

Suppose .Z {f(t)} = F(s). Then for any real number a
£ {e%f(t)} = F(s— a).

For example,
2= gfetm = T
- Sn+1 - (S _ a)n+1 :
s at _ s—a
& {cos(kt)} = e = £ {e* cos(kt)} = s agi ke
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Inverse Laplace Transforms (completing the square)

(a) .,2”1{ ; } Ce2s+1 s arredecile
§2+2s5+2

Ml Co“—(’\{\t\ M squo

Sl-e’ASfZ = ‘S‘z-(— 25 +\ -('\

@ (se) )
S ) ) S+) =)\
Cerce 2 )+ ) — 2
) s+ )
S+\ #——

2
+
(s +\ CARA
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-\ i 5/(—\_’ \ }
< “ 3
s -«7.28 ) I Gen (e

:i\{ S )g I{(sﬂ)ﬂ}

(s +\

-t
< éeCos&’ - e %M\t

* S+l = S- ()
“ e B
and jg —S—i:—\—%: Css & , i{ s"-t\}' Snk
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Inverse Laplace Transforms (repeat linear factors)

(b) $-|{ 143s— 32 } Ose EOW\-\J\ L‘M}wﬂf

s 12
1+3s -s* z 2 c oo
NER ; = Y o " Gar Lee- i
) = -0
Las-st = NGy« Ssi-nt Cg
= N(st-zee)) + B(&-<)t LS
ezs ¢ | = (R+B)g" + (-ZA-&f(,\s + B
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A=)
1A -6¢ C =3
p+R= | o Br-l-Azn\-\EmZ

C-3¢2A+R = DL\-2" 3

S(s -1)?
{4}t Tl
ﬁ__ - Qek 4 36?%
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The Unit Step Function
Let a > 0. The unit step function % (t — a) is defined by

0, 0<t<a
%(t—a):{1 t>a
20 Aadher nobedion S
U, (E)
Z(t - a)

4

Figure: We can use the unit step function to provide convenient expressions
for piecewise defined functions.
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Piecewise Defined Functions
Verify that

i ={ 90 05277 = o -gut-a+rnu(-a

R~ o0¢ ko u(t-a) =0
S fleye M0 - (-0 R0 = 5l as rguind

For £ a Ut -0) = A R

)

R R SO R NI R N R

NﬁU‘NA .
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