March 22 Math 2306 sec. 60 Spring 2018

Section 13: The Laplace Transform

Definition: Let f(t) be defined on [0, c0). The Laplace transform of f is
denoted and defined by

2Lt} = /OOO e~Sif() ot = F(s).

The domain of the transformation F(s) is the set of all s such that the
integral is convergent.
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Some Examples

We computed the following Laplace transforms from the definition

1

Z{1} = —

{i}=5 >0
z{t}:?, s>0
é_ée—108_%e—1087 3750

Z{f(t)} =
100, s=0
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A Table of Laplace Transforms

Some basic results include: :{{(ﬁ({—)}:ﬂs)
> Z{af(t) + Bg(t)} = aF(s) + BG(S) d{oalU} Lo

v

Z{1y=1 s>0

v

L{t"y = J5, s>0forn=1,2,...

v

Z{efy =, s>a

s>0

v

Z{coskt} = 527,

s>0

v

ZA{sinkt} = kz,
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Examples: Evaluate ‘he Lophce boms fon of

s
g sk =

\(_‘7.

(a) f(t) = cos(rt)

Hestworts
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Examples: Evaluate

(b) f(t) =2t*—e %43

g {at" - o qp-atieds FAPIRAE Sl

(%) 7 2 l8)

March 20, 2018 5/69



Examples: Evaluate

© f(t)=(2—12 =4-He~t"
enpmé Lesx

ﬁf(z-b)ll‘iﬁq’%fy} 2
qg{y-43ie e 1Y

W\ 2\
SIGRIC -

:"1 +2"'
"s"j;‘ $?
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Sufficient Conditions for Existence of -Z{f(t)}

Definition: Let ¢ > 0. A function f defined on [0, ) is said to be of
exponential order ¢ provided there exists positive constants M and T
such that |f(t)] < Me“ forall t > T.

'F' Con 30"0 b Qas %—)Do) loud v@aQ\V Yo an e%ar\al,\;\-idl‘

Definition: A function f is said to be piecewise continuous on an
interval [a, b] if f has at most finitely many jump discontinuities on [a, b]
and is continuous between each such jump.

D’D \,UHC& Osb"""@\_b\'d—‘
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Sufficient Conditions for Existence of -Z{f(t)}

Theorem: If f is piecewise continuous on [0, co) and of exponential
order c for some ¢ > 0, then f has a Laplace transform for s > c.

An example of a function that is NOT of exponential order for any c is
f(t) = et Note that ck ¢
. g)
¢ (e

f(ty=e" = (&) = |f(t)]>e" whenever t>c.

This is a function that doesn’t have a Laplace transform. We won’t be
dealing with this type of function here.
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Section 14: Inverse Laplace Transforms

Now we wish to go backwards: Given F(s) can we find a function f()
such that Z{f(t)} = F(s)?

If so, we’ll use the following notation

27 F(s)} = f(t) provided Z{f(t)} = F(s).

We'll call f(t) an inverse Laplace transform of F(s).
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A Table of Inverse Laplace Transforms

- 27 {1} =

» 27 { It =t"forn=1,2,...

. 1{3 a}:eat
> g*%ﬁ}:coski‘
> ¥ 1{

32+k2} = sin kt

The inverse Laplace transform is also linear so that

2~ {aF(s) + BG(s)} = af(t) + Bg(1)
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Find the Inverse Laplace Transform

When using the table, we have to match the expression inside the
brackets {} EXACTLY! Algebra, including partial fraction
decomposition, is often needed.

Tron Xy Rl

b
1)1 a5 6L
@ < {3} 715 ¢
o e
e R
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Example: Evaluate

S+\ S . L .
(b) 31{S+1 } Feq T ¥ ¢+3
249
- S N 3
Togerr TR T

{ s \ ,3,_}
} R
=Y | ger TR e

{ et }S '\§ i i s* +3.k - C"('%H - J’g_ S'\r\b\’)
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Example: Evaluate do o goied Fackion

Ll
1 s—8 Ae(o"-f
© Z {32—25}
Clear
§-3 s- 8 A ® fredha?
- . — r = Z;' S(5-2)
S‘L’ QS g(g‘z) $

S-¢ = }\(S—l)f(gs
{=zo *BZ‘Z’A = A;U\
26 2 BE

= L
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JTet £y 5
-y (s 1

Sq -3 2Y)
=Y “3;&
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Section 15: Shift Theorems

Suppose we wish to evaluate .2~ {(351 3 } Does it help to know that
Z{} =57

initi t2 | _ —St ot 42 ) ¢ -sk @
By definition .Z{et} /0 e et dt esyc e

po _s-nk - —(S-I\'b
- e > (;chc e

Observe that this is simply the Laplace transform of f(t) = ? evaluated
at s — 1. Letting F(s) = . {t?}, we have

F(s—1)=

(s—1)%
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Theorem (translation in s)

Suppose .Z {f(t)} = F(s). Then for any real number a
£ {e%f(t)} = F(s— a).

For example,
2= gfetm = T
- Sn+1 - (S _ a)n+1 :
s at _ s—a
& {cos(kt)} = e = £ {e* cos(kt)} = s agi ke
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Inverse Laplace Transforms (completing the square)

’ s %l_(’-?—g _(,L .‘S ‘\rf{ékﬁ:\%
(@ 2 { }

2 .
sc4+2s+2 e\l QM@\‘\( My S99

Steas 2 = Ceozs e\ )

(e +)

S 3 osa =)
_ = < N
Gt +2 (s+) +)\ AV EA
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Inverse Laplace Transforms (repeat linear factors)

(b) ;{1“”3—32} Do o @cm«)\imc&m e cormp

s(s—1)2
(,hojf
x4
l+g-S" A Q C ¢
Cls-N" T3 T g T G SG-1y

l€3s-S" = A(S-D-L-(' Re(s-\) + Cs

b P\((z—ls-ﬂ\ + '&(SQ-S\ + CS

ens e | (BT + (ZA-B0)S «A

/
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