Mar. 23 Math 2254H sec 015H Spring 2015

Section 11.4: Comparison Tests

Note: In this section, we restrict our attention to series of nonnegative
terms.

Motivating Example: Consider the two similar—yet different—series:

N, L= 1
(i) Z@ and (ii) ZW
n=0 n=0
Question: Does the series on the right, (ii), converge or diverge?
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Comparing Series

(i) Z?jn and (ii) Z?Jnlr?
n=0

n=0

» The one on the left, (i), is geometric |r| = |1/3| < 1—obviously
convergent.

» The one on the right, (ii), is not geometric. And f(x) = Sﬂﬁ isn’t
readily integrated!

» Does it help to notice that
1 1

317 " 3n
for every value of n?
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Comparing Series
What if we consider the two series

() i <g>n and (i) i [In(n) (2) n]

n=1 n=1

» The one on the left, (i), is geometric |r| = |5/2| > 1—obviously
divergent.

» The one on the right, (ii), is not geometric. And f(x) = In(x)(5/2)*
isn’t readily integrated!
» And for every n > 3,

n(e) - (&)
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Theorem: The Direct Comparison Test

Theorem: Suppose > a, and »_ b, are series of positive terms, such
that!
an < b, foreach n.

(i) If >_ b is convergent, then > a, is convergent.

(ii) If > a, is divergent, then >_ b, is dinvergent.

'f the condition a, < b, doesn’t hold for some first finite number of terms, the
result is unchanged. We could say a, < b, for all n > ny for some number ng.
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Example
Determine the convergence or divergence of the series.

1
(a) Z(:)S”—H Cm\rbyu\—

(b) f: {In(n) <2>n} Diver g
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Example
Determine the convergence or divergence of the series.
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Example

Determine the convergence or divergence of the series.
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A Potential Fly in the Ointment

Consider the two series

(i) Z?jn and (i) > 3n1_ 5
n=2 n=2

1 1
£ —. infact — <

1
Unfortunately 377 % 3n 3 S gn_ 7

Don’t we strongly suspect that > 3%7 oughtto be convergent? It is
SO similar to 3" 4.

We need a way to compare similar series that doesn’t require such a
specific inequality!
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Theorem: The Limit Comparison Test

Theorem: Suppose > a, and > b, are series of positive terms. If

. a
im 22 =¢, and 0<c< oo,
n—oo bp

Then either both series converge, or both series diverge.
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Example
Determine the convergence or divergence of the series.
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Example
Determine the convergence or divergence of the series.
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Analyzing Expressions with Powers and Roots
Identify the leading term in the numerator and in the denominator.
Then take the ratio. For example:

3
V3B +4n—6 o

o v
V8n'2 +32n7 —6n* + 12 <

A A
€n

N
\1./S < - 3;’ q I

) n N
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Using a Comparison Test

>

First try to determine if you think a series converges or diverges.

Next, pick a series to compare it to such that (1) this series has
the same convergence/divergence behavior, and (2) you can
prove it! (usually use a p-series).

Take the limit if using limit comparison—it doesn’t matter who you
call a, and who you call bj,.

Set up the inequality (a, < by) if using direct comparison. If your
series converges, it should be a,. If your series diverges, you want
it to be bp.

Clearly state your final conclusion for all the world to see!
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