March 27 Math 2306 sec. 57 Spring 2018

Section 15: Shift Theorems

Theorem (translation in s) Suppose ¥ {f(t)} =

F(s). Then for any
real number a

Z{e¥f(t)} = F(s - a).

For example,
2= T gfenm = T
n+1 - (S _ a)n+1 :
# {cos(kt)} = - s _4

at kt)} = ———-
2ike Z {e% cos(kt)} (s —a)? + k2
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The Unit Step Function
Let a > 0. The unit step function % (t — a) is defined by

0, 0<t<a
%(t—a):{1 t>a

Z(t - a)

Figure: We can use the unit step function to provide convenient expressions
for piecewise defined functions.
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Piecewise Defined Functions

Verify that

o ={ 90 05277 = a0 -aut-a+Anw(-a

We verified this last time by showing that the expression on the far
right is equal to f on the two intervals 0 <t < aand t > a.
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Piecewise Defined Functions in Terms of %
Write f on one line in terms of % as needed

el, 0<t<2
fty=4 3, 2<t<5
2t t>5
£ : S U(E-S) 26 UlL-S)
f):e -eult-2)+ EUG-2) (k-

1 1

ULc OLL

We Con V‘-f\'("'b '

Fo,- 0 ¢ E 42) uU"L\: (6} u“__s): 0
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T £t
M- e -e 0+ 0-t0+2L-0 -,F

Vo 2¢L ¢ uee-2y =\ u-sy:=0

Them ) A
fli= e -e-l+t%) - £40+2t-0 = ¢

For £%5 Ule-23= \ ule-s) = |

s Lot
Ll e-e\+ B\ -t-L+2k) = 2¢
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Translation in t
Given a function f(t) for t > 0, and a number a > 0
0, 0<t<a
f(t_a)%(t_a)_{f(ta), t>a .

¥ ‘.

71 flt—a)%(t—a)

a

Figure: The function f(t — a) (t — a) has the graph of f shifted a units to the
right with value of zero for ¢ to the left of a.
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Theorem (translation in )
If F(s) = Z{f(t)} and a > 0, then

L{f(t—a)%(t—a)} = e ¥F(s).

In particular,
efas

L{w(t-a)} =

As another example,

n!

nle—&
L{t"} = s -

o = t-au-a) = —

March 26, 2018

11/48



. o 0
Find Z{%(t — a)} ) WM__{
g {ule-}- | e unte-dt

a Poor o db
- [ Suwdtb £e ule-o)

(]

C (At b e [Tt

0TS (bomge W 520)

oy -st \Do rqd\ns S>o
s € @

March 26, 2018

ot t<o

)
', E>a

12/48



March 26, 2018

13/48



Example

Find the Laplace transform .# {f(t)} where

f(t):{ tot>1
(a) First write f in terms of unit step functions.
floy: | - A U(e-1) + EUCE-T) ks smgiby

- w0 (1 -8)

S e (LoD UG
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Example Continued...

(b) Now use the fact that f(t) =1+ (t — 1) (t — 1) to find Z{f}.

{03 210+ (en) uu-nk
0« g e

L, A gl
g ¢ g

A
P F 0&“7)'- t Pen oa(k-\\ = k-1 owd f{%l\’]}-‘- 4z
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A Couple of Useful Results
Another formulation of this translation theorem is
(1) Z{gt)y%(t-a)} = e *L{g(t+a)}.

Recouse "‘a“') : %((‘: £ ) —WX

.
Example: Find Z{cost% (t- 7)1 = o= ¥ {cul b+—\k

e
z

¥ C“(E"’%B = CoSk CoST‘;_‘: - SKME Sin

© @k D - Swkc)l = oSt
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A Couple of Useful Results

The inverse form of this translation theorem is

(2) 2 e #F(s)} = f(t—-a) (t—a).

6—25

|
S(S+1)} \‘\w F(S) = g(s.”)

Example: Find £ ~! {

Ds decomyp on Fs)

. A ¥

- —_— D = §+\\'('ES
S+ < ¥ s« AC

sz -| \-.-B = TS:-l
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