March 27 Math 2306 sec. 60 Spring 2018

Section 15: Shift Theorems

Theorem (translation in s) Suppose ¥ {f(t)} =

F(s). Then for any
real number a

Z{e¥f(t)} = F(s - a).

For example,
2= T gfenm = T
n+1 - (S _ a)n+1 :
# {cos(kt)} = - s _4

at kt)} = ———-
2ike Z {e% cos(kt)} (s —a)? + k2
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The Unit Step Function
Let a > 0. The unit step function % (t — a) is defined by

0, 0<t<a
%(t—a):{1 t>a

anothen rokebon U(E-2) = U, ()

Z(t - a)

4

Figure: We can use the unit step function to provide convenient expressions
for piecewise defined functions.
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Piecewise Defined Functions
Verify that

i ={ 90 05277 = o -gut-a+rnu(-a

Gnsden, 0¢ £ ¢ 00 , Ule -a) = 0
Flo: gl -9 -0+ W) 0 =46
Fr act, Ule-a) = |

Plor- g by -0 1« W)l = Wlk) as requined
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Piecewise Defined Functions in Terms of %
Write f on one line in terms of % as needed

el, 0<t<2
f(ty=3 t3, 2<t<5
2t t>5
- e - SUE-2)+ EUL-2) - EUE-S) +ZE UL-S)
1
‘I‘ (Iu' zn oL o

L»\—‘S \)w{-\a ¢ fer o0¢ k2 nik-2)= 0 U-8): 0

£
fly: & e 0+t 0-E0+2L0 = e
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Translation in t
Given a function f(t) for t > 0, and a number a > 0
0, 0<t<a
f(t_a)%(t_a)_{f(ta), t>a .

¥ ‘.

71 flt—a)%(t—a)

a

Figure: The function f(t — a) (t — a) has the graph of f shifted a units to the
right with value of zero for ¢ to the left of a.
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Theorem (translation in )
If F(s) = Z{f(t)} and a > 0, then

L{f(t—a)%(t—a)} = e ¥F(s).

In particular,
efas

L{w(t-a)} =

As another example,

n!

nle—&
L{t"} = s -

o = t-au-a) = —
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Example

Find the Laplace transform .# {f(t)} where

1, 0<t<1
f(t):{t t>1

(a) First write f in terms of unit step functions.

Ply: L o= AULe-) + EUe-1)
e Lk YUl
s« (L-DUl-)
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Example Continued...

(b) Now use the fact that f(t) =1+ (t — 1) (t — 1) to find Z{f}.

It L0« oulen]
c 20y« 2 L DUy

\
- —_— . e s -+ —_
S S S 7

a1
L1 gl b . o0k gibk: e
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A Couple of Useful Results

Another formulation of this translation theorem is

(1) L{g()%(t-a)} = e *2{g(t+a)}.
'B¢cahu %UC) < % ( (e 40\) - 0“3

Example: Find #{cost % (t— —) T:: J\D{ Cas £+ Wld}

Ly
Cos(k-/-v/-o\ : Gsk Cs T/?_ - Sk Sin h
< Cosk‘o - S'\'\k'\ < ’g'.ak
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A Couple of Useful Results

The inverse form of this translation theorem is

(2) 2 e #F(s)} = f(t—-a) (t—a).

6—25

\
- -1 Nere )=
Example: Find . {s(s+ 1)} Fs <(s+)

s po».)'\‘& -(rad\.—\ c\A(oA\F

\ LA B
VY < s+)

S(s+ <o \=A
o = Ay +Rs g=-y \=-0
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