March 29 Math 2335 sec 51 Spring 2016

Section 5.2: Error in T, and S,,'

Consider the partiaion a = xg < xy < --- < X, = b of equally spaced

nodes with h = x;, 1 — x;. On the subinterval [x;, x;, 1] we have the error
formula for Py (assuming f” exists)

X — X)) (X — X
f(x) — Pi(x) = ( ’)(2 ’+1)f”(cj) for some x; < ¢j < Xj41.

"We consider only the case of an equally spaced partition.
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Error Formula for T, (one subinterval)
Compute the integral.

Xjt1q _X: — X h
/ i+ (X Xj)(x X1+1) dx = 1/ U(U — h) du where u=x-— X
X, 2 2 Jo

l

M:X-X\') j Au-"clx ,

X Xy = u+><’d- Xy

* - (g -Xj) :u-h
Whan X=X, WX X, =0 W
XeXpn , uXpn Xy h
" W
le Ul-wdu = 3 S(u}-u\d dun
o 9
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Error Formula for T, (over whole subinterval)

From the previous integral, the error over just the subinterval [x;, x;1]

is found to be

Xj+1 Xj+1
Error = / f(x)dx—/ Pi(x) dx
X X

') J
Xj+1
= [ (00 ~ Pr(x0) o
X
h3 /!
= —ﬁf (c)
For some number x; < ¢ < Xj41.

To get the error over the whole interval [a, b], we use the additive
property of integrals and sum
h3 h3 h®

_7// _7// _..__7'(// -
12f (CO) 12f (01) 12 (Cn 1)
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Error ET Formula for T,

Writing
he H
12 (12) h

we can add the errors from [xp, x1], [X1, X2], etc. together to get
h2

EnT(f)I—ﬁ[

ht"(co) + hf"(c1) + - - - + hf"(ch_1)]
[ § ve sk he Ax > Pren i bf‘ﬁb\-«'\eé expnession \s

Sleonx+ Pleyax « ... + Fleey nx

n-\
- Z £ ax
C=0

We’re using E for error with a superscript T for the rule and subscript n

for the number of subintervals.
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Error ET Formula for T,

Recognizing the expression in brackets [ ] as a Riemann sum, we have

El(f) = i [hf"(co) + hf"(cy) + -+ + hf"(Ca1)]

12
7ot DTN
~ 5 /. 00dx - TL_[QC(X)\CL

C () - fm)

By the Mean Value Theorem

f'(b) — f'(a) = (b— a)f’(c), forsome a<c<b.
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Error ET Formula for T,

Ouir final error formula is

T h? 1"
Eq (f) = I(f) = Tn(f) = —35(b— a)f*(c)

for some ¢ between a and b.

Since h = (b — a)/n, we can express E/ in terms of n as

3
LI 7

Eq(f) =~

We see that the error is proportional to %
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Example
Estimate the number of subintervals needed to guarantee an accuracy

Eq(f)l <107
for the integral

T odx
I(f) N 0 14+ x
3
T -(b-0) " for < wedn ond b,
IE,\(\C)|= %'?(e) bk &
n
n z
\)f ],) o= 0 ‘p()‘)‘ ‘.*)( ? ()()- (+y) ) 'P ()(): (\1—){)3

#i deratng = |00 ) € |e0] - f e 2
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Error in Trapezoid Rule

ax

]
I(f):/o X+ 1

=In2 =0.693147181

n| Th Ey (Eq)/(EZ,)
2 | 0.70833333 | —0.01518615 | 3.9174

4 | 0.69702381 | —0.00387663 | 3.9774

8 | 0.69412185 | —0.00097467 | 3.9942

16 | 0.693391202 | —0.00024402

Since ET % doubling the number of subintervals reduces the error

by a factor of 4.
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Error in Simpson’s Rule E?

A similar derivation shows that for f sufficiently differentiable,

h4

E (f) = () = Sn(f) = — 155

b— a)f¥(c)

for some ¢ between a and b. Since h = (b — a)/n, the above can be
written as

_ 9\
ES(r) = 22 1))

Note that the payoff for using the more complicated Simpson’s rule is
that the error is proportional to %.
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Example

Estimate the number of subintervals needed? to guarantee an
accuracy

|ES(f)| <1074

T odx
0= 155
(b "-) (4) " "
l E: ('c,)| : \ 'BD n“l F“(C) \ ) ? (X) (|+y)3 ) -p (K)’ (\.',X)“l

4(‘0

for the integral

(\+><)S

(u)
(C)

2Recall that n must be even!

So

\ f&%o) \ -
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Error in Simpson’s Rule

T dx
/(f)_/0 =2

n| S EP (ER)/(E3)
2 |0.69444444 | —0.00129726 | 12.148

4 | 0.69325397 | —0.00010679 | 14.529

8 | 0.69315453 | —0.00000735 | 15.638

16 | 0.69314765 | —0.00000047

Since ES %, doubling the number of subintervals reduces the error
by up to a factor of 16.
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Order of a Rule

Note that the errors have the form

c
Error ~ —
nP

for some numbers p and c. In particular

c c
Ej(f)=—5 and Ej(f) =

for many functions f.

We may refer to p as the order of the integration rule.
So T 45 orde 2 owd Sis ocden -
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Richardson Extrapolation
Let an integration rule be denoted by /, and have order p. The
Richardson extrapolation formula for this integration rule is

1
Ron = o0 _ 1 (2p/2n - ln> .

In particular, for the Trapezoid rule

1

R2n — § (4T2n - Tn) .

In particular, for Simpson’s rule

s

R->, =
2n =95

(16S2, — Sp) .

March 28, 2016

16/49



Richardson Extrapolation

The Richardson extrapolation formula for integration rule I, of order p

1S
1

2p — 1

Ropn = (2p12n - ln) .

Note: If you’re computing k,, then you’ve already found all of the
necessary information to compute /,. Then computing Ro, only

requires two multiplications and one subtraction with numbers you've
already found!
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Example

Use the previous results for the Trapezoid rule to compute Ry(f) for

T odx
o X+ 1
and compare the error of Ry to that of Tg. Ire
oS o
o b B 5 (0T e

-3 (‘1' 0.6930238| - 0.40833333)

= 0.642325%930

March 28, 2016

18/49



Eee () = Qa2 - R = - 0.00010 6?9
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Example
Use the previous results for the Simpson’s rule to compute Ry(f) for

/1 dx
o X+ 1

and compare the error of Ry to that of S,.

FO!’ Sth«snv:( l‘;,\h Qu\ < .T\E. (“OSL‘ - SL\
R, = ¢ (lL,- 0.6932539Y0 — 0.6 44 UM )

L}

S 0.6931Y4L0S
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Err(Q.J > 0a2 - R, =

-0.00002 M
_ Err(’Rn) (
()A,Q(E&)- 9 =~ -0.00003§ &7
wil
Ra 97
.Iswa")‘v.\—
E:(-() = -0.000\07%} Yk
Lot
(L.Q(Sq(&)) = 0.6001S Y A
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Section 5.3: Gaussian Quadrature

Consider the integral /(f) = f_11 f(x) dx 2. Both the Trapezoid and
Simpson’s rule start with approximating f by a polynomial to obtain the
rule. Both rules have a certain form.

Ta(f) = g[f(xo) +2f(x1) + - -+ 2f(Xp—1) + f(Xn)]

= Wof(Xo) + Wy f(X1) +---+ Wn_1f(Xn_1) + an(Xn)

= Z numbers - function values.

3We can consider more general limits [a, b] later.
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Gaussian Quadrature

Here we are going to approximate the integral /(f) by the new rule
called Gaussian Quadrature. The integration formula will be given by

In(f) =Y wif(x)
j=1

where the numbers {wy, ..., w,} are called the weights and
{X1,...,Xn} are called the nodes.

Main Idea: The weights and nodes are chosen so that /(p) = I(p)
exactly, for p(x) any polynomial of degree as high as possible.
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Gaussian Quadrature: n =1 Case

When n = 1, the formula becomes

1
h(f) =Y wif(x;) = wif(xy).
=

There is one weight wy and one node xj.

We need to determine two things, wy and x4, so we can impose two
conditions. We'll insist that the formula is exact for all polynomials of
degree 1—i.e. all polynomials of the form p(x) = py + p1 x.
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Building Block of Polynomials
We note that a polynomial

P(X) = Po + P1X + P2X° + - - + ppx”

is a linear combination (sum of constant multiples of) the basic building
blocks

Because integrating is a linear transformation
i.e. /(af(x) + 5g(x)) dx = a/ f(x) dx + B/g(x) dx

we will use these building blocks to obtain our weights and nodes. *

4An alternative approach using the theory of orthogonal polynomials can be used
(see pg. 223 of our text).
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Gaussian Quadrature: n =1 Case

/1 f(x)dx ~ Io(f) = wif(xq)
~1

The formula should be exact for p(x) = 1.

|
1 Ix

jip(u) Ix - S

l
T (p)- [1o

- ¥ \|: \-(-\):7_

T W, pl) T 2 P =L

2 w12 s W= 2
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Gaussian Quadrature: n =1 Case

/1 f(x)dx ~ Io(f) = wif(xq)
~1

The formula should be exact for p(x) = x.

\
ypu)éw: g\xc\x: ’é\‘f—g" = -0
-1

-l
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Deduce the Guassian Quadrature formula /;(f)

We found that [, 1dx =2and [’ xdx = 0.

New e W,z 2 e-d =0 .

So —.[\ (‘(,3 = w\\C(%\S =2 Q(O)
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Gaussian Quadrature: [, f(x) dx ~ h(f) = 2f(0)

ax
14+x2°

Use /1(f) to approximate f_11
value 7.

Compare the result to the true

\
Now o = e fo= 5 |

97

[ 2 L T): 2021 2
-\

Ee(T@®) = T-2 = -oM292
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Gaussian Quadrature: n = 2 Case

When n = 2, the formula becomes

2
b(f) =Y wif(x) = wif(x1) + waf(x).
=1

There are two weights {wy, wo} and two nodes {xy, xo}.

We have four things to determine, so we can impose four conditions.

3
Culoics “\o\rk ’pow— Cond ¥ions ?°+()\x+‘),‘xl+r3x
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Gaussian Quadrature: n = 2 Case
We'll insist that the formula is exact for p(x) = 1, x, x2, and x3.

]
/ 1dx=2=wi+wo
—1

]
/ xdx =0=wixq + WoXo
-1

1 2
/ X% dx = 3= Wi X2 4+ Wox3
1

|
/ x3dx =0=wx3 + wox3
—1
Since x; and x, are from [—1, 1], we can assume that

—1 < x1 < x2 < 1. In fact, since our simple monomials all have
symmetry (even or odd), it’s safe to assume that x; and x, will be

symmetric about zero.
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Gaussian Quadrature: n = 2 Case
We have four equations in four unknowns

Wi+ w = 2 (1)

wWixi +woxo = 0 2)
2

7] Xiz + W2X22 = § (3)

2] X13 + ngg =0 (4)

3 3
Fron (7-), W, X, 3 =Wy Xq owe —(-M(H) WX, T s X

(£ w2 0 &3 v, 36 we Con dvide K qx
3

3

2

le- '\'J'Ly'” _@ X.’L - XZ
w, X -Wa %,
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2
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