March 3 Math 2335 sec 51 Spring 2016

Section 4.2: Error in Polynomial Interpolation

We consider a polynomial interpolation P, for a set of data
{(Xivyi)a [ = 07 s n‘yi = f(XI)}

Theorem: For n > 0, suppose f has n+ 1 continuous derivatives on

[a, b] and let xo, . . ., X, be distinct nodes in [a, b]. Then
f(n+1)(cx)
f(x) = Pn(x) = (x = X0)(X — Xxq) -+ (X — Xn)m

where ¢y is some number between the smallest and largest values of
Xo, - - -, Xp and X.
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Error f(x) — Pp(x)
The error can be restated as

f(n+1)(cx)

Err(Pn(x)) = Wa(x) G

where V¥, is the n+ 1 degree monic polynomial

Wn(x) = (X — X0) - - - (X — Xn) = x"*1 4 terms with smaller powers

The coefficients of those smaller powers depend on X, .. ., Xn.

The error depends on the y’s due to /("1)(¢,), and on the x’s due
to W, (x).
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Error in W,(x): Equally Spaced Nodes

We found the general results for n = 1 and n = 2 if the points are all h
units apart:

» For |xy — xo| = h, the maximum value of |W{(x)|is M = %2 for x
between xp and x;.

» For h |x2 X1| = |x1 — X0/, the maximum value of |W5(x)| is
M= 3\[ for x between the largest and smallest of xp, X1 and xo.

A slightly more complicated analysis can be used to show that for
equally spaced nodes (in order) {xo, ..., X3} each h units apart,

[Wa(x)| < h* for xp < x < x.
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Example

Use the result |W3(x)| < h* for xp < x < x3. for equally spaced
nodes to bound the error.

Suppose that P3(x) is used to approximate f(x) = e* over the interval

[0, 1] using equally spaced points with xo = 0, x3 = 1. Find a bound on
the error

|e* — P3(x)|
Fleo \
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Figure: Left: Plot of P; for f(x) = e* with nodes (in red) at {0,1/3,2/3,1}.

Right: Plot of the error |e* — P;3(x)|. The function P; was generated
numerically using the Matlab program interpNDD.m available in D2L.
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Behavior of W(x)

If we can choose our nodes, an obvious choice is to make them
equally spaced. But the question arises:

Question: Are equally spaced nodes the best choice for minimizing
error?

(Here we’re going to discuss section 4.2.2, then move to section 4.5,
and later come back to section 4.3.)
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Motivating Example

Suppose we wish to use Py4(x) to interpolate a function f(x) on the
interval [-1, 1]. We know that the error

fO)(c
16) ~ Pao)] = |(x —x0) -+ (x = xa) o2 <
where
(5)
L = max f 5(|CX) and M = max|(x — Xp) - - (X — Xa)|
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Motivating Example

Let’s see what kind of control we may have over M. We can consider
two examples of the function (x — xo) - - - (x — x4) over the interval

[_17 1]

Equally Spaced Points: W, 1(x) = (x +1)(x + 2)x(x — 3)(x — 1)
Not Equally Spaced:

Wa2(Xx) = (X — X0)(Xx — X1)(X — X2)(X — X3)(X — X4) where

Xo = COS (%) ~ 0.9511, x4 =cos (?g) ~ 0.5878,

57 Vs
cos<10>— , X3 = cos<1o>~—0.5878,
O

and x4_cos<1o>z—0.9511

March 2, 2016 11/52



Figure: Two choices of nodes for P4 on [—1, 1]. Red dots are equally spaced
nodes, and blue dots are an alternative choice (Chebyshev nodes).
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Figure: Plot of W4 1(x) and W4 2(x) shows that W4 » has a smaller maximum

value.
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Motivating Example Continued...

The maximum value of W4 1(x) is ~ 0.1135. The maximum value of
W472(X) is 0.0625.

The error when using equally spaced nodes is 1.8 times as great
as the error when using the alternative choice of nodes!
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Error for Equally Spaced Nodes

When equally spaced nodes are used, the behavior at the ends (near
a and b) can be quite dramatic. The error for x in the middle may be
small, while the error for x near the ends is much larger.

If {("+1)(x) is ill behaved, it's possible that taking n larger results
in more error rather than less!

A special case of this is the function

1

=1

for —5<x<5

(See the next two slides.)
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Figure: Plots of (x — xp) - - - (x — Xp) for equally spaced nodes on [0, 1] for
n=2,4,6 and 8. Note that the local extrema seem to get pushed toward the
ends of the interval as nincreases.
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Figure: Plot of y = 117 (red) together with degree 10 polynomial interpolation
Pio(x) (blue dash) obtained using equally spaced nodes on [-5, 5].
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Alternatives to Equally Spaced Nodes

Recall that for the example using P, we considered the seemingly
strange nodes

Xo = COS (10) ~ 09511, x —cos (?g) ~ 0.5878,
5 7
Xo = COS <10) 0, Xx3=cos (10> ~ —0.5878,

and x4 = cos (?g) ~ —0.9511

It turns out that there is a motivation for using these even though they
appear more complicated than just taking equally spaced ones.
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Alternatives to Equally Spaced Nodes

When can one choose nodes:

» when picking a partition for numerical integration (see chapter 5 in
Atkinson & Han).

» when choosing a grid for computer generated graphics
» when interpolating a function when nodes are not pre-specified.

Of course, when presented with raw data, one may not have the option
of picking one’s nodes.
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Section 4.5 (& 4.6): Chebyshev Polynomials

Definition: For an integer n > 0 define the function

Th(x) = cos (n cos‘1(x)) , —1<x<A1.

It can be shown that T, is a polynomial of degree n. It’s called the

Chebyshev Polynomial of degree n.
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Chebyshev Polynomials
Determine the polynomials To(x), T1(x), and Tz(x) in the form of
ordinary polynomials.

Tat) = COS(ACU;IX) for NEX €L

T,00: Cos(0-Cosx) = GslOd =1 Toto: L
-1 i (( -l‘x) - X T\(x) = X

-r‘(y): CoS(l'CoS )(3 = Cos (Cos

T,60): Cas(zcos"x)

Recall 0s20) = 2650 -\
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Recursion Relation

To(x) = 1 and Ty(x) = x. It can be shown that for n > 1

Tn+1 (X) = 2XTn(X) — Tn_1(X).
Compute T2(x) and T3(x) using this relation.
T,00= 2x Tiw - T,00 =2x () -1 = At -\
T, 0 = 2 -\
3
Y. - = \45(, -1x -X
T3 () = 2x TZ (-)()"T|()() = 2x (ZX ‘\ X
T3 6 = HX3'3X
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Figure: Plot of the first six Chebyshev Polynomials (of the first kind). Ty, Ty,

and T, are shown on the left, and T3, T4, and Ts are shown on the right.
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Figure: Plot of all of the first six Chebyshev polynomials (of the first kind).
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Some Properties of Chebyshev Polynomials

T, is an even function if nis even and an odd function if nis odd.

To(1) =1 and Tp(—1) = (—1)" for every n

v

v

v

They have an orthogonality relation

! Ta(X) Tm(x) _
/_1 ﬁdx—o n=m.

And the main property we’re interested in

v

ITh(x)| <1 forall —1<x<A1
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Minimum Size Property
We can note that
Ta(x) = 2" 'x" + terms with lower powers.

We define the modified Chebyshev polynomials by

Remark: The modified Chebyshev polynomials are monic
polynomials. That is

Tn(x) = x" + terms with lower powers.
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Minimum Size Property

Theorem: Let n > 1 be an integer. Of all monic polynomials on the
interval [-1, 1], the one with the smallest maximum value is the
modified Chebyshev polynomial T,(x). Moreover

1
on—1

| Th(x)| < forall —1<x<1.

This result suggests that whenever possible, we choose the

polynomial V,(x) in our error theorem to be the modified
Chebyshev polynomial T, {(x).
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Chebyshev Nodes

Since Tp.1(x) is monic, it can be written as

Thi1(X) = (X —ro)(x —r1)--- (X —rn)

where ry, ..., rp are the roots of T, 1(x).

We had the polynomial in our error formula

Vo(x) = (x —x0)(X — X1) -+ (X — Xpn).

So to minimize the error—i.e. make V,(x) = T,41(x)—we would have
to

choose the nodes x; to be the roots r; of the Chebyshev
polynomial 7, 1.
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Example: Chebyshev Nodes

Use the change of variables x = cos 6 to find the five roots of Ts(x).
Ts(x) = cos (5 cos™! (x))
For ¥z CosB 0= Cosx for 0¢0°T™
Se Ten=0 W Cos (SG)" o)

T -
Thus ru-]o\"cs sQ:= 7z ¥ a

(e y}' e S rbo\’l Q{A\’A’\\’\é .\\:0)\)‘2)3)\“
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Chebyshev Nodes

Find a formula for the k roots of Tx(x) = cos (k cos™'(x)).

Q%o‘w\ \4,\)“'\3 X= (osO V2, G‘Co?’)( Lr oO¢ B¢
T oo VE Cos (v Q) = O
: T+ 2\
Lo: T40T 2 6=

Le Sﬂ* " foors Mu'\}

I\): 0)\J._,)\L‘\
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Chebyshev Nodes

To interpolate f(x) on the interval [-1, 1] by Pp(x), the error is
minimized by choosing the Chebyshev nodes (roots of T, 1(x))

o 2j+1)r .
Xj = COS (2(n+1) , /_0,1,...)n.

The resulting error bound is

f(n+1)(x)

L
. < — — - 7
[f(x) — Pn(x)| —~, Where L= m (1)

—1<x<1
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Example

Let f(x) = €2¥ on [-1, 1]. Determine the Chebyshev nodes if P3(x) is
being used to approximate f(x), and determine the resulting error

bound.
The rodso one bhe wste of Ty 00
X = C,S(T_‘—LZ_JL ) ;)-.0,\)733
J 24

2 Cos (Tr’-‘:.\):)

(%

u

0.4239 x.-_co,(si) 0.382)

(-

A= Cos(%)

038y X G ()5 -0.9238

-

- G (55)
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