November 16 Math 2306 sec 51 Fall 2015

Section 11.1: (Brief Overview of Inner Product and Orthogonality)

Suppose two functions f and g are integrable on the interval [a, b]. We
define the inner product of f and g on [a, b] as

<f,g>= /b f(x)g(x) dx.

We say that f and g are orthogonal on [a, b] if

<f,g>=0.

The product depends on the interval, so the orthogonality of two
functions depends on the interval.
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Orthogonal Set

A set of functions {¢o(x), ¢1(x), ¢2(x), ...} is said to be orthogonal on
an interval [a, b] if

b
< ¢m, Pn >= / dm(X)on(x)dx =0 whenever m=#n.

Note that any function ¢(x) that is not identically zero will satisfy
b
< >= / #?(x) dx > 0.
a

Hence we define the square norm of ¢ (on [a, b]) to be

b
16l = / 42(x) dx.
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An Orthogonal Set of Functions

The set {1, cos(nx), sin(mx)|for integers n,m > 1} is orthogonal on
[—m, w]. Moreover, we have the properties

/ cosnxdx =0 and

™

sinmxdx =0

forall nm>1,
—T
™
/ cosnx sinmxdx =0 forall mn>1,
- i T
Qs rcjx- X]
& - -F
0, m#n A
/ cosnxcosmxdx:{ﬂ’ n—#m’
- ’ :-n-(_w)-'*?/‘l‘f
s
. . 0, m#n
/smnxsmmxdx: ’ 7 .
o T, h=m
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Section 11.2: Fourier Series

Suppose f(x) is defined for —r < x < 7. We would like to know how to
write f as a series in terms of sines and cosines.

Task: Find coefficients (numbers) ag, ai, a», ... and by, bo, ... such
that!

o0
= ?O Z_: (ancos nx + by sin nx).

"We'll write 2 as opposed to a purely for convenience.
2
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For a known function f defined on (—m, ), assume the series holds.
Find the coefficient by. Multiply both sides by sin 4x

f(x)sindx = %sin 4x + Z (an cos nxsin4x + b, sinnxsin4x).
n=1

Now integrate both sides with respect to x from —r to = (assume it is
valid to integrate first and sum later).

f(x)sin4xdx:/ %sin4xdx +

—T —Tr

0o - T
> (/ an cosnxsindxdx + | by sinnxsin4dx dx) .

n=1 i -
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0

2

/ f(x)sin4xdx:a20/ sindxadx +

0
(an/ cos nxsin4x dx + bn/ sin nxsin4x dx) )

—T —T

n=1

~

Nl f Sin (%) dx =0
-
[

P § Cor(md) Sim (Uy) dy =0 horm ol ™

-7
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The Fourier Series of f(x) on (—m, )

The Fourier series of the function f defined on (—=, 7) is given by

=
>

I
| &
_|_
WE

(ancos nx + bpsin nx).

n=1
Where
a = 1/ﬂ f(x) dx,
T J—n
ap, = ;/_7; f(x)cosnx dx, and
b = ;/W f(x) sin nx dx
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Example
Find the Fourier series of the piecewise defined function
0, - m<x<0
f(x)_{ X, 0<x<m
s
0
" Al dx ¢ - f x dx
aozlwgﬁnix’ﬂfa il
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Fourier Series on an interval (—p, p)

The set of functions The set {1, cos (””X> sin (”””‘) In,m>1}is
orthogonal on [—p, p]. Moreover, we have the properties

p nm X
/ cos< >d x =0 and / sm( )dx:OforaII nm>1,
—p P p

p
/cos(rm) sin(m> dx=0 forall mn>1,
—p P P
<n7rx> Cos<m7rx> dx:{ 0, m#n ’
P p p, n=m
p
/sin(m) sin<m> dx:{o’ m;én.
-p P P p, n=m
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Fourier Series on an interval (—p, p)

The orthogonality relations provide for an expansion of a function f
defined on (—p, p) as

f(x) = % + Z <an cos (rmx) + by sin (W)>
— p p

where
1 [P
a = ) 7pf(x)dx,
ap, = ;/_Zf(x)cos <n7:() dx, and

November 16, 2015



Find the Fourier series of f

\l -
-1 —1<x<0 \‘f(JPL
=12 o0<x<t
] )

November 13, 2015

15/61



|
\ o (
T ff(y)éy < f dx + f(-z)&x
-\ o
< (0- («\)\ - 2(\-0) = |

0 \

G = \-| S\\CM Co{( )A)“ < SCos(Mt‘XBA)c - YZGJ(“W)A)‘

- “\ [/}

. _1; g.'“(.\wx)\\o - T?_T\— S (V\WX)\‘

- )

—‘:[so Sulom)) - 25 s(m«vme} O

November 13, 2015 16 /61



0 |

b, ':‘ S\(—‘()q 1S (’%&BAX : SS-.V.(.N)C\ A - glg'»a(wWX) ‘;X
- - o

o \
- ':"f CDS({\“X)\ t ‘;\2"_", Cos (nT(XB \

°
-

2ol ]t & [l o)

"
n
-1 2 3 n
A (-2 7_/(,'—./—4 :/(_ _,\B
= C\T+ — * Tar P RN CL

November 13, 2015 17 /61



bo
G,
- -+ L O Cos (ax) ¢ 4, G (e )

3 ((-\\““\3 S (wwx )

November 13, 2015

18 /61



