November 18 Math 2306 sec 54 Fall 2015

Section 11.2: Fourier Series

The Fourier series of the function f defined on (—x, 7) is given by

f(x) =

Where
aop
an

bn

[e.9]

= + > " (ancos nx + bysin nx) .

n=1

— f(x) dx,
— f(x)cos nx dx, and
= f(x) sin nx dx
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Fourier Series on an interval (—p, p)

The set of functions The set {1, cos (””X> sin (”””‘) In,m>1}is

orthogonal on (—p, p). Moreover, we have the properties

[ ()
n7rx>

sm( >dx—0 forall mn>1,

n7rx> Cos<m7rx> dx:{o’ m;«én’
p p p, n=m

p
/ sin(mrx) sin<m> dx:{o’ m#n .
-p p p p, n=m
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Fourier Series on an interval (—p, p)

The orthogonality relations provide for an expansion of a function f

defined on (—p, p) as

f(x) = % + Z <an cos (rmx) + by sin (W)>
— p p

where

an -

bn -

1 [P
- f(x) dx,
PJ-p
P
1 f(x) cos <W) dx, and
—p p
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An interesting observation...

Note that the constant value is

ao_l p
2—2p/_pf(X)dx

" b
Tk.. ‘.Aksro_o\ of 'F e ['P.P] el‘v‘(\,ul Y

2p= p-(-p) (Bunghh of H wervel) -

9—0- W b Qvesrsen Vel of ‘P on [‘(’,\"] .
L
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Find the Fourier series of f The wkerved (P

f(X) B 17 _1 < X < O "S (-\1\\ M , So
1 -2, 0<x<f{ p=
L ()

November 16, 2015 5/51



Q,- l,' S:p(x)éx = SOJX + g;-zséx

- 0

+ [-zx L' : O-(-1)+ [—2-o’l = -

[}

\ o

- [ s o (52 = | Calomndhy (S SRR
- =1 o
0 |

- -n‘/ﬁ S (MTX)\ - %‘j S"m(nnx) \o

- L s'm(o\ ,%\-&g‘m("‘"\ - [%’ S\v\(ur\- %; S’-mo-] = O

November 16, 2015 6/51



\

b= —\( Hm N (T.“XBJX

l
o

S\ Sim (nwx)  + !\('?—) Sia (mrx) dx

-\

"

\

0
2 < \\
2 Gor(arvx) \ 4+ = Gor (+x
-1

o

A Lo (o))t 5 Loslom - wro)

nw

n "
-\ . Q‘L + 20 - _Z_— - ‘}’_((-\;\"\)
nw nv nw n n T

November 16, 2015 7 /51



0o
{‘\(x)- 6*;' ¥ Z_—_Gv\ CM(#\“X\) + b, g’-«(mrx)

x
-\ 4 Z _3/((4;\-\3 Sin (er\

AF(X): -Z nw

nti

Q" @‘.; dicionbinuons @ X=o0,
_ s
|S ’L\V Cum C-)n-\"\\r\uo»»f ( X=0 ,

LJ\'\O’\' s ‘\’»\L (O-/\med'nw\ \o&\—wgev\ ‘Cawé .‘,k\

Ses |

November 16, 2015 8/51



Convergence of the Series

Theorem: If f is continuous at xg in (—p, p), then the series converges
to f(xp) at that point. If f has a jump discontinuity at the point xg in
(—p, p), then the series converges in the mean to the average value

1( . ,
> ( lim f(x)+ lim f(x))

- +
X=X, X=Xy

at that point.

In addition, the series extends the function f(x) to be 2p-periodic.
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Find the Fourier Series for f(x) = x, —1 < x < 1
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Figure: Plot of f(x) = x for -1 < x < 1
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Twe terms (2/x) sin(n X) - (1/m) sin(2x X)

Figure: Plot of f(x) = x for —1 < x < 1 with two terms of the Fourier series.
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Figure: Plot of f(x) = x for —1 < x < 1 with 10 terms of the Fourier series
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T T T
Ten terms: The series is plotted over three periods (-3 <x < 3).

Figure: Plot of f(x) = x for —1 < x < 1 with the Fourier series plotted on
(_37 3)
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Symmetry

Suppose f is defined on an interval containing x and —x.

If f(—x) = f(x) for all x, then f is said to be even.

If f(—x) = —f(x) for all x, then f is said to be odd.

For example, f(x) = x" is even if nis even and is odd if nis odd. The
trigonometric function g(x) = cos x is even, and h(x) = sin x is odd.
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Integrals on symmetric intervals

If f is an even function on (—p, p), then

/_’; f(x)dx = 2/0p f(x) dx.

If f is an odd function on (—p, p), then

p
/ f(x)dx = 0.
—p
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Products of Even and Odd functions

Even x Even = Even,
and
Odd x Odd = Even.
While
Even x 0Odd = Odd.

So, suppose f is even on (—p, p). This tells us that f(x) cos(nx) is
even for all nand f(x) sin(nx) is odd for all n.

And, if f is odd on (—p, p). This tells us that f(x) sin(nx) is even for all
nand f(x)cos(nx) is odd for all n
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Fourier Series of an Even Function

If f is even on (—p, p), then the Fourier series of f has only constant
and cosine terms. Moreover

f(x) = % +) " ancos (m>
n=1 p

where

_72 pf a,
dg = X)ax

and

2 [P nmx
an=— f(x)cos | — | dx.
5 P/o ) <p>
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Fourier Series of an Odd Function

If fis odd on (—p, p), then the Fourier series of f has only sine terms.
Moreover

> ./ nrx
f(x) = ;bn sin <;>
where

2 [P nwx
b:/fxsin<>dx.
5 PJo () p
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Find the Fourier series of f

We can checle for

X+m, —-wm<x<0
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