October 17 Math 2306 sec. 56 Fall 2017

Section 11: Linear Mechanical Equations

Simple Harmonic Motion: In the absence of any damping or external
driving force, we determined the displacement x from equilibrium of an
object suspended from a spring according to Hooke’s law:

X" +w?x =0, x(0)=xp, x'(0)=xq (1)

Here, xo and x; are the initial position (relative to equilibrium) and
velocity, respectively. The value

> k

ws=—

where k is the spring constant and m the mass of the suspended
object.
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The equation of motion

The solution to the IVP x” +w?x =0, x(0) = X9, x'(0) = xy is

x(t) = xp cos(wt) + );—1 sin(wt)

called the equation of motion.

We took the sign convention that the direction up is positive (x > 0)
and down is negative (x < 0).
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A Couple of Terms:

From Equilibrium: If we're told that motion starts from equilibirum,
this means the initial position is equilibrium. That is

x(0)=0 ie. x=0.

From Rest: If we're told that motion starts from rest, this means that
the initial velocity is zero. That is,

x'(0)=0 ie. x3=0.
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Free Damped Motion

fluid resists motion

Fda_mping = .8 E

B = 0 (by conservation of energy)

Figure: If a damping force is added, we’ll assume that this force is
proportional to the instantaneous velocity.
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Free Damped Motion

Now we wish to consider an added force corresponding to
damping—ifriction, a dashpot, air resistance.

Total Force = Force of spring + Force of damping

a?x dx a?x ax
,Trziﬁi'—— —_[32;i - k’( — ‘29}2’ %‘ 2;\;9? _% wX = O

where

2)\:E and w:\/ﬁ.
m m

Three qualitatively different solutions can occur depending on the
nature of the roots of the characteristic equation

rP4 2 r+w? =0 withroots rp= X412 — w2
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Case 1: \? > w? Overdamped
x(t) = e M <c1 e!V¥ | gt A2“’2>

x(t

Highly over-danped

!

Figure: Two distinct real roots. No oscillations. Approach to equilibrium may
be slow.

October 16, 2017 6/35



Case 2: \? = w? Critically Damped

x(t) = e (¢1 + oot)

x(t)

critical darmmping

Figure: One real root. No oscillations. Fastest approach to equilibrium.
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Case 3: \? < w? Underdamped

x(t) = e M (cy cos(wit) + casin(wit)), wi = Vw2 — X2

x(t) underdamped

NA A
Vil

Figure: Complex conjugate roots. Oscillations occur as the system
approaches (resting) equilibrium.
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Comparison of Damping
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Figure: Comparison of motion for the three damping types.
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Example

A 2 kg mass is attached to a spring whose spring constant is 12 N/m.
The surrounding medium offers a damping force numerically equal to
10 times the instantaneous velocity. Write the differential equation
describing this system. Determine if the motion is underdamped,
overdamped or critically damped.

T\N. @“‘ua\»nu\. \S N\x“ + %Y' + lx = 0
W (mass) M2l (ping Gesek) L=\2

R (do~pivg ()ch('l('\t\*\ @‘- 0

The ODLU i 2x"'410x +11x =0
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Example

A 3 kg mass is attached to a spring whose spring constant is 12 N/m.
The surrounding medium offers a damping force numerically equal to
12 times the instantaneous velocity. Write the differential equation
describing this system. Determine if the motion is underdamped,
overdamped or critically damped. If the mass is released from the

equilibrium position with an upward velocity of 1 m/sec, solve the
resulting initial value problem.

Rewe  @- 3 , g2 , s 12
The egn ¢ 3x“+ lly' +2x=0
Skmded forn e Ux +Ux=0
Cher. Lo fryuced=0 = (r+7,3120

C-7 ce pla\'bé*
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Driven Motion

We can consider the application of an external driving force (with or
without damping). Assume a time dependent force f(t) is applied to
the system. The ODE governing displacement becomes

X o

ar? dt
Divide out m and let F(t) = f(t)/m to obtain the nonhomogeneous
equation

—kx+f(t), B=0.

a?x ax
W%—Z)\E + WX = F(t)

Note that this is a linear, constant coefficient, nonhomogeneous
equation. Find x. from the characteristic equation, then find x,
using either the method of Undetermined Coefficients or Variation
of Parameters.
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Forced Undamped Motion and Resonance

Consider the case F(t) = Fycos(vt) or F(t) = Fgsin(~t), and A = 0.
Two cases arise

(1) 7#w, and(2) 7=w.

Taking the sine case, the DE is
X" + w?x = Fysin(yt)
with complementary solution

Xe = €1 cos(wt) + ¢z sin(wt).
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X"+ w?x = Fgsin(vt)
Note that
Xc = €1 cos(wt) + ¢z sin(wt).

Using the method of undetermined coefficients, the first guess to the
particular solution is

Xp = Acos(vt)+Bsin(vt)
| K*‘*’ Then W e does oY

. Tha  solokion
mobel %o Twie A Wi\l ool

w\\\ e o sen. ok Swnes ,COS\NJ 0( wk 4

QwneS ' COS‘\‘\-&{ 0(‘ YE’ .
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X"+ w?x = Fgsin(vt)
Note that
Xc = €1 cos(wt) + ¢z sin(wt).

Using the method of undetermined coefficients, the first guess to the
particular solution is

o
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Forced Undamped Motion and Resonance

For F(t) = Fosin(vt) starting from rest at equilibrium:

Case (1): x" +w?x = Fysin(yt), x(0)=0, x'(0)=0

x(t) = 2F° . (sin(fyt)—%sin(wt))

w= =7

If v ~ w, the amplitude of motion could be rather large!
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Pure Resonance

Case (2): X"+ w?x = Fysin(wt), x(0)=0, x'(0)=0

 Fo . Fo
x(t) = 2,2 sin(wt) — Zl‘cos(wz‘)
Note that the amplitude, o, of the second term is a function of :
Fot
=3,

which grows without bound!

Choose "Elongation diagram” to see a plot of displacement. Try exciter
frequencies close to w.
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Section 12: LRC Series Circuits

Potential Drops Across Components:

; dq
iR=R—2
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| |
||

Figure: Kirchhoff’s Law: The charge g on the capacitor satisfies
Lg" + Rq' + tq = E(t).

This is a second order, linear, constant coefficient nonhomogeneous (if
E +# 0) equation.
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LRC Series Circuit (Free Electrical Vibrations)

2
199, goq 1

dr2 a Tcd=0

If the applied force E(t) = 0, then the electrical vibrations of the
circuit are said to be free. These are categorized as

overdamped if R? —4L/C > 0,
critically damped if R?2 —4L/C = 0,
underdamped if R2—-4L/C < 0.
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Steady and Transient States

Given a nonzero applied voltage E(t), we obtain an IVP with
nonhomogeneous ODE for the charge g

; .
Ld"+ R4 + zq=E(t). 4(0)=q, q(0)= -

From our basic theory of linear equations we know that the solution will
take the form

q(t) = qe(t) + gp(t).

The function of q. is influenced by the initial state (gg and iy) and will
decay exponentially as t — co. Hence qc is called the transient state
charge of the system.
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Steady and Transient States

Given a nonzero applied voltage E(t), we obtain an IVP with
nonhomogeneous ODE for the charge g

1 .
Lg"+ Rq + zq=E(t), 9(0) =, ¢(0)=rh

From our basic theory of linear equations we know that the solution will
take the form

q(t) = qe(t) + qp(t)-

The function q, is independent of the initial state but depends on the
characteristics of the circuit (L, R, and C) and the applied voltage E.
qp is called the steady state charge of the system.
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Example

An LRC series circuit has inductance 0.5 h, resistance 10 ohms, and

capacitance 4 - 1072 f. Find the steady state current of the system if
the applied force is E(t) = 5cos(10t).

The equahion Lg" « La ~ L9 €

-3
AN : |O - 410
L3 J&Zl , C

1 (S Cos (1 E)
T4 '“l
3
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Q‘ q,w’a “ i v v

October 16, 2017 27/35



\\r\ Skadcre 'Caf'\'.

" + ZOC{\.(,SOOC‘)‘: (0 Cos (I0t)
Find %o . CWar. E‘,v\ rte 20v ¥ S00 = 0
(4200 « (00 #4007 0

T
(r“05 - -400

cero= £200

- -0t 200 o=-10, f= 20

-ot 1ok
ﬁ‘: e 603(20%) , 327 e Qw (20)

~10¢ -0

+ .
Q - Ge Cos(204) 4 €, 8 S (204)
C

October 16, 2017 28/35



U(‘v\S Undeemnd  (RER: ey ) fin %f

R Tw-3 w\\\
Guwecy (1\’.' A Corllo¥) ¥ R Siw(104) \\nw“(k |
ﬁf,‘ . -[oA S i)+ 108 Cos (10F)

O{ TN cos 104 ) - 1000 Sw (10F)
f -

(1) \ )
ﬁ‘, + ZDQW +§00qf :

D&Q‘ﬂ(|0f\ "ZODA%\V\(th)*’ZODB Cos ( '0“') +

100 A Cos (10k) =10

500 A (os(ok) + So0 @S (4] = 1D Cos (ot )

October 16, 2017 29/35



Cor (164 ("w/* +200Q + SO0 A) « S (k) (loo(} - 200/ +5008)
—_—

=

= (0 Goclio¥) 99\»\((0(/)

UooA +200 Q = |0
200 A 400 B =0 = 200A= LooB > A=28

oo (20)+ 2608 O D (6060 B = (0

= - = 0.0)
’@— (oo d (0D 0.0

Az 28 —os = 00O

October 16, 2017 30/35



The S\C°A3 (;\-o-\t C\/\er

e 002 Cos(15) + 0.01 S link)

The Sleodn Shote  Corenk L

(‘,e'- 0.2 Sw (Iok) + 0.\ Gos (10¥)

October 16, 2017 31/35



