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Section 4.3: The Mean Value Theorem

The Mean Value Theorem: (MVT) Suppose f is a function that
satisfies

i f is continuous on the closed interval [a,b], and
ii f is differentiable on the open interval (a,b).

Then there exists a number c in (a,b) such that

f ′(c) =
f (b)− f (a)

b − a
, equivalently f (b)− f (a) = f ′(c)(b − a).



Example
Verify that the function satisfies the hypotheses of the Mean Value
Theorem on the given interval. Then find all values of c that satisfy the
conclusion of the MVT.

f (x) = x3 − 2x , [0,2]







Question
Let f (x) =

√
x − 2, and let [a,b] = [2,6].

(1) The function f satisfies the hypotheses of the MVT. Determine

f (b)− f (a)
b − a

.

(a)
f (b)− f (a)

b − a
=

2
3

(b)
f (b)− f (a)

b − a
=

3
2

(c)
f (b)− f (a)

b − a
= 2

(d)
f (b)− f (a)

b − a
=

1
2



Question
Let f (x) =

√
x − 2, and let [a,b] = [2,6].

(2) The function f satisfies the hypotheses of the MVT. Determine

f ′(x).

(a) f ′(x) = −
√

x − 2

(b) f ′(x) =
1√

x − 2

(c) f ′(x) =
1

2
√

x − 2

(d) f ′(x) = − 1
2
√

x − 2



Question

Let f (x) =
√

x − 2, and let [a,b] = [2,6].

(3) Find all c values guaranteed by the MVT for f on this interval.

(a) c =
1
2

(b) c = 3 or c = −3

(c) c = 3 or c = 4

(d) c = 3



Important Consequence of the MVT

Theorem: If f ′(x) = 0 for all x in an interval (a,b),
then f is constant on (a,b).

Corollary: If f ′(x) = g′(x) for all x in an interval
(a,b), then f − g is constant on (a,b). In other words,

f (x) = g(x) + C where C is some constant.





Examples
Find all possible functions f (x) that satisfy the condition

(a) f ′(x) = cos x on (−∞,∞)



(b) f ′(x) = 2x on (−∞,∞)



Question

Find all possible functions h(t) that satisfy the condition

(c) h′(t) = sec2 t on
(
−π

2
,
π

2

)

(a) h(t) = sec2 t + C, C any constant

(b) h(t) = tan t + 1

(c) h(t) = tan t + C, C any constant



Another Consequence of the MVT

Another significant consequence of the MVT is that it provides a test
for the increasing and decreasing behavior of a differentiable function.

Theorem: Let f be differentiable on an open interval (a,b). If

I f ′(x) > 0 on (a,b), the f is increasing on (a,b), and
I f ′(x) < 0 on (a,b), the f is decreasing on (a,b).



Example
Determine the intervals over which f is increasing and the intervals
over which it is decreasing where

f (x) = 2x3 − 6x2 − 18x + 1






