Sept 14 Math 2306 sec. 53 Fall 2018

Section 6: Linear Equations Theory and Terminology

The context here is linear n' order initial value problems. That is, solve

dn gn-1 ad
an(x )dx{+an 1(X)d n— {+,,,+a1(x)%+ao(x)y=g(x)

subject to conditions

yxo) =Yy, Y0)=w1, v YD (x0) = yns.

The problem is called homogeneous if g(x) = 0. Otherwise it is called
nonhomogeneous.
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First we focus on Homogeneous Equations

We’ll consider the equation
dnf1y dy
W+~-+a1(x)a+ao(x)y:0

and assume that each a; is continuous and a,, is never zero on the
interval of interest.

an() 2L+ ap ()

Theorem:(the principle of superposition) If y, y», ..., yx are all
solutions of this homogeneous equation on an interval /, then the
linear combination

y(x) = c1y1(x) + Gaya(x) + - - - + Ckyk(X)

is also a solution on / for any choice of constants ¢, ..., ck.
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Linear Dependence

Definition: A set of functions fi(x), f(x), ..., f,(x) are said to be
linearly dependent on an interval / if there exists a set of constants
¢y, Co, ..., Cnp With at least one of them being nonzero such that

Cify(X) + Cofo(X) + - + Cafn(x) =0 forall xin /.

A set of functions that is not linearly dependent on / is said to be
linearly independent on /.

September 12, 2018

3/32



Example: A linearly Dependent Set

The functions f;(x) = sin® x, (x) = cos? x, and f3(x) = 1 are linearly
dependent on | = (—o0, 00).

Re el Sy + Cosx =L he o X

= = “‘*v\
1p we ek G, Gl Ce= -\
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Example: A linearly Independent Set

The functions f;(x) = sin x and f>(x) = cos x are linearly independent
on | = (—o0, 0).

Ls SeppIt Yok
C, p.()ﬂ'f Czpzbﬂ =0 for A X

VPRSP S PR L I S e X=0

ok
c.fo + Cpﬁm -0

C, g\V\(O\ fCL COS(O\ = O
¢ -0 ‘I"Cz'l = O = €220

ﬁb" Ssme Cl) C’L 4\"‘_\0,\'

S
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g'u’\--\ﬂ-r\“j, _\4\L (3\“\&—.0“ b\&f \'-o »\b\é

T W o a\tely
Y= =5 -
C\ ‘pl(.%3 N 0
¢, S (;) F)

c,-\ =0 = (=0

VoW ¢, ¢, ~ush be Zeco.
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Determine if the set is Linearly Dependent or
Independent on (—oo, o)

fi(x)=x2, h(x)=4x, HK(X)=x-x

Cms\&/\ c, _p‘(%).‘, (- CL()O + C-3 L?(\() =0

for st CyGa, (3
-yv*y = 0O
o xt+ € () * ¢ (%)
v
Gl\le g "Jo‘t\u Yermc

e, - C) X"+ (4ep +C3) X =0
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Definition of Wronskian

Let fi, o, ..., f, posses at least n — 1 continuous derivatives on an
interval /. The Wronskian of this set of functions is the determinant

f b -y

fl £

W(fi by D)) = | S
f1(”_1) f2(n—1) frgn—1)

(Note that, in general, this Wronskian is a function of the independent
variable x. )
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Determinants

a b

If Aisa 2 x 2 matrix A = [ c d ] then its determinant

det(A) = ad — bc.

a1 a2 a3
fAisa3x3matrix A= | axy as ao3 |, then its determinant
azy dz2 dss

det(A) = a11det[ 42 ax } ay det[ 21 823 ]Jra det[ 21
dz2  dass dasz1 dass ass
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Determine the Wronskian of the Functions

fi(x) =sinx, f(x)=cosx (ll,«&\"‘vl 2
2
Qay  Gosx 2){:\,-\1
NCRAIE -
Corx  -Sinx \ P £t
£ ﬁ‘(x)
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So \.)(Cl)&\(ﬂ'- -l
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