September 18 Math 2306 sec 54 Fall 2015

Section 4.1 Some Theory of Linear Equations

General Solution of Nonhomogeneous Equation

Let y, be any solution of the nonhomogeneous equation, and let y1,
Yo, ..., ¥n be any fundamental solution set of the associated
homogeneous equation.

Then the general solution of the nonhomogeneous equation is

y = c1y1(X) + Caya(X) + - - + Cn¥n(X) + ¥p(X)

where ¢y, Co, ..., Cy are arbitrary constants.
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Superposition Principle for Nonhomogeneous
Equations

Let yp,, Vps» - - -» Vp, b€ K particular solutions to the nonhomogeneous
linear equations

an n1 d
O Ay () o &) D+ a0(x)y = gi(x)

fori=1,..., k. Assume the domain of definition for all k equations is a
common interval /.

Then

an(x)

Yo =VYpi t Yot Vp,
is a particular solution of the nonhomogeneous equation

an(x) ZZ}; + -+ ao(x)y = g1(x) + ga(X) + -+ + gk(X)-
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Example x2y" — 4xy’ + 6y = 36 — 14x

(a) Verify that
Yp, =6 solves x2y” —4xy’ 4 6y = 36.
)

= 30

2

-0 "
. X'y, -thg; +Gy,

o) -Uxle)y + 6 (6) =36
36 =3 v

So \ah'—(o soluts e
Roh Nomsgtmeans  2Fuaden .
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Example x2y" — 4xy’ + 6y = 36 — 14x

(b) Verify that
Yo, = —7x solves x%y" —4xy' +6y = —14x.
whl s lea"wu -H"‘OP‘, +("‘9p z 'MX

[ X (o) =Y (-3) + 6(-3x) = : e
Qey -42x = -IMX¥

t)‘) go\\l"s *\'\'S -|q¥ :‘lk-lx /

non\sei\gy,'\l.ov/ 61“ .
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Example x2y” — 4xy’ + 6y = 36 — 14x

(c) Recall that yy = x2 and y» = x3 is a fundamental solution set of
x2y" —4xy' + 6y =0.

Use this along with results (a) and (b) to write the general solution of
x2y" — 4xy' + 6y = 36 — 14x.

Lot Com bawa \OP:"JP, “Oh z 6‘—')')(

The gersnsl Solikin 1S

Y= W4+ 6 - Fx
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Solve the IVP
xzy// —4xy' +6y =36 —14x, y(1)=0, y'(1)=-5

Our gcn.b\.ol Co e on S
\’a" C\X-L“' C'Lx-&f 6-'-)')(

3‘= 26X +3G %X -t

Gls Gt 4 G () +6HD =0

C\'f'C,_‘\ =0 = C\"'Cl’\

o ) = 260+ 30T - F = - S
2¢, +3¢, = &
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C|+CZ:| ———_—> -ZC|—ZCL-_‘Z

23l 2¢, +3Gz= 2 Al
c,+0:1 3 (=1 ¢, = O
The Soletne- L odwe WP s
Y =% +6 I,
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Section 4.2: Reduction of Order

We’ll focus on second order, linear, homogeneous equations. Recall
that such an equation has the form

Let us assume that a>(x) # 0 on the interval of interest. We will write
our equation in standard form

d?y dy B
+P(x) o+ Q(x)y =0

dx?
where P = a;/a» and Q = ag/ ao.

September 16, 2015 9/30



Y+ PX)% + Qx)y =0

Recall that every fundmantal solution set will consist of two linearly
independent solutions y4 and y», and the general solution will have the
form

y = c1y1(x) + caya(x).

Suppose we happen to know one solution y;(x). Reduction of order
is a method for finding a second linearly independent solution y»(x)
that starts with the assumption that

Ya(x) = u(x)y1(x)

for some function u(x). The method involves finding the function w.

September 16, 2015 10/30



Example

Verify that y; = e ¥ is a solution of y” — y = 0. Then find a second
solution y» of the form

y2(x) = u(x)y1(x) = e *u(x).
Confirm that the pair y1, y» is linearly independent.
\‘er() ,‘M\— (g‘tc-)‘ So\‘"‘-f bhe DE

-x u -X
X | : @

?.=é ) e, %
" =0 "—é’:o 010‘/
9 -H €
e Y9, does S\ AL D .

-x

Sk y, e wa e Sl imbo Ma DE.
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‘91' e
I -x —x
\gz e w o -—e
-x | -X
" L +e W
. -e w -—e
9,": € w x
-X e
.c-xu”- e W +e Ww
n =
Y, - Y =0
=X X! -)< - > = O
W ize w e b e =
w.
wt ;%
- X w™ e
e)(u'u_zeu.‘ -O é— g\.,\uL
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' |
Thag qua'\"io\\ ¥ IS)'~ ord i W . L‘_k YER

Thea W = & Tk DE o (omes

-x
N ! X W
cxw—ZcX\,J =0 J&‘“a‘
‘ dw

w -lw =0 =) I;.zw

Lodw Jdx = 2dx

w d

§L4u=§23x
2x

lhw = a&x =2 W=E€
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Sim (,.‘:\»JJ W= S‘WA)‘ : \(‘CZXA)( :37'_8

-x -% W\ | %
b, e U = e o)=Lt e

"l""u ’\\l\a\a C~¢ 9]’\. '\"\Je(“"iﬂ\‘&'e
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