September 19 Math 2306 sec. 56 Fall 2017

Section 6: Linear Equations Theory and Terminology

We first consider the homogeneous equation

d" a1 d
an(X) G5 + n 1 (X) G+ a(X) g + a(x)y =0

and assume that each a; is continuous and a,, is never zero on the
interval of interest.

Theorem: If yq, v», ..., ¥k are all solutions of this homogeneous
equation on an interval /, then the linear combination

y(x) = c1y1(x) + caya(x) + - - - + ckyk(x)

is also a solution on / for any choice of constants ¢, ..., ck.

This is called the principle of superposition.
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We Defined Linear Dependence/Independence

Definition: A set of functions fi(x), f(x), ..., f,(x) are said to be
linearly dependent on an interval / if there exists a set of constants
¢y, Co, ..., Cnp With at least one of them being nonzero such that

Cify(X) + Cofo(X) + - + Cafn(x) =0 forall xin /.

A set of functions that is not linearly dependent on / is said to be
linearly independent on /.
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Definition of Wronskian

Let fi, o, ..., f, posses at least n — 1 continuous derivatives on an
interval /. The Wronskian of this set of functions is the determinant

f b -y

fl £

W(fi by D)) = | S
f1(”_1) f2(n—1) frgn—1)

(Note that, in general, this Wronskian is a function of the independent
variable x. )
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Recall Some Determinants

a b

If Aisa 2 x 2 matrix A = [ c d ] then its determinant

det(A) = ad — bc.

a1 a2 a3
fAisa3x3matrix A= | axy as ao3 |, then its determinant
azy dz2 dss

de’[(A):aﬁdet[a‘22 823} ay det[ 21 aa3]+a det[ 21
dz2  dass az1 as ass
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Determine the Wronskian of the Functions

f1(X):X27 f2(X):4X7 fS(X):X_XZ

% ’("\n\ (-Q‘\o\.\r = 2 X 2

NGRS (R RN
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2yt (q. 2y - 0" (\_ ZX\\ -Ux (Zx (Z\ -2 (\-Z)on

+ (x->*) (Zx(o\ -2“4\

1
S -8y Uy sy -z M) - 8x ¥ 8x
DooGyt 4By - By + 8%

= O
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S \")(‘F|,£>)Lzy’0 =0
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Theorem (a test for linear independence)

Let fy, &, ..., f, be n— 1 times continuously differentiable on an interval
1. If there exists xp in / such that W(fy, &, ..., fy)(X0) # 0, then the
functions are linearly independent on /.

If y1, ¥, ..., yn are n solutions of the linear homogeneous n order
equation on an interval /, then the solutions are linearly independent
on /ifand only if W(ys, ys, ..., ¥n)(x) # 0 for' each x in I.

For solutions of one linear homogeneous ODE, the Wronskian is either always

Zero or is never zero.
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Determine if the functions are linearly dependent or
independent:

=e, y=e * |=(-00,0) Lell vse b wrasbion
‘3\‘: eY J Uéz‘: -e- 2fnd. & Ix v AR
X -x
e - X [ X
\d(\o' uh\(X)T— € : é('8\>~ e (9 )
J 8} -x
e _ 6 )
e -e -l -1=-Z

Wiy, g)00 -2 # 0
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Fundamental Solution Set
We're still considering this equation

dn dnf1y
an(x )dx”Jr n-1(X )dx”—1

with the assumptions a,(x) # 0 and a;(x) are continuous on /.

d
o () ok +a(x)y =0

Definition: A set of functions y1, y», ..., ¥» is a fundamental solution
set of the n" order homogeneous equation provided they

(i) are solutions of the equation,

(i) there are n of them, and

(iii) they are linearly independent.

Theorem: Under the assumed conditions, the equation has a
fundamental solution set.
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General Solution of n order Linear Homogeneous
Equation

Let y4, ya, ..., yn be a fundamental solution set of the n'" order linear
homogeneous equation. Then the general solution of the equation is

y(X) = c1y1(x) + Caya(X) + - + Cpyn(X),
where ¢y, Co, ..., Cy are arbitrary constants.
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Example

Verify that y; = €* and y», = e~ * form a fundamental solution set of the
ODE

y"—y=0 on (—o0,),
and determine the general solution.

LQJ\\V \]U‘.L—) Aot ‘\»\Jb cre S PR

Yyie 9@, y'=€

\O‘h N\ ex -ex =0 S n‘os;;\?J M
N e
R ‘:):»*%(:;;
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Nonhomogeneous Equations
Now we will consider the equation

dny dnf1y dy B
X" W—I—--'—G—&(X)a-i-ao(x)y—g(x)

where g is not the zero function. We'll continue to assume that a,
doesn’t vanish and that a; and g are continuous.

an(x) + an-1(x)

The associated homogeneous equation is

an y dn—1 y dy

dx’ W+"'+31(X)7+30(X)y:0.

an(x) ax

+ an_1(x)
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Theorem: General Solution of Nonhomogeneous
Equation

Let y, be any solution of the nonhomogeneous equation, and let y1,

Yo, ..., ¥n be any fundamental solution set of the associated
homogeneous equation.

Then the general solution of the nonhomogeneous equation is

¥y = ciyi(x) + Coyo(X) + - -+ + Cnyn(X) + Yp(X)
—_—

: Je
where ¢y, Co, ..., Cy are arbitrary constants.

Note the form of the solution y¢ + yp!
(complementary plus particular)
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Another Superposition Principle (for nonhomogeneous
eqns.)

Let yp,, Vps» - - -» Vp, b€ K particular solutions to the nonhomogeneous
linear equations

an an- 1 d
an) Y+ a0 T 4 a0+ ay = g(x)
fori=1,... ,k. Assume the domain of definition for all k equations is a
common interval /.
Then

Yo =VYpi t Yot Vp,
is a particular solution of the nonhomogeneous equation

an(x) ZZ}; + -+ ao(x)y = g1(x) + ga(X) + -+ + gk(X)-
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T—"(o)h)

Example x?y” — 4xy’ + 6y = 36 — 14x

(a) Verify that
Yp, =6 solves x2y” —4xy’ 4 6y = 36.

Y

Stk e 0(’ < 6) ‘:)p' =0 ) \O( = 0

1 " |
X e, 'qxﬂfl +‘°\°(’\:

Y (o) -MUx (0 +6(6) =3 6
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Example x2y” — 4xy’ + 6y = 36 — 14x
(b) Verify that

Yo, = —7x solves x%y" —4xy' +6y = —14x.

- - | “—_
Schsydke N Ix Y. ¥, 970

1 " I
X \aP., -Mx (()Pv + C\oh—_

yZ(O\ -Yyx ('1‘\ *sa('}kx) =
2%x -M2x = -Mx
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Example x2y” — 4xy’ + 6y = 36 — 14x

(c) It is readily shown that y; = x? and y» = x3 is a fundamental

solution set of 459
Xy —axy' + 6y =0. & 5| pgeer G

Use this along with results (a) and (b) to write the general solution of
x2y" — 4xy' + 6y = 36 — 14x.
3
Be® Gy +hGy, = CXw GX

e * e, YV T b-Fx

T\M. Qn. Sa\v Mo Ao e \I\W\\l\hwe?bvdovf QS\)O\’IO,\

s

4 G X LY+ 6 Fx
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Section 7: Reduction of Order

We’ll focus on second order, linear, homogeneous equations. Recall
that such an equation has the form

Let us assume that a>(x) # 0 on the interval of interest. We will write
our equation in standard form

d?y dy B
+P(x) o+ Q(x)y =0

dx?
where P = a;/a» and Q = ag/ ao.
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Y+ PX)% + Qx)y =0

Recall that every fundmantal solution set will consist of two linearly
independent solutions y4 and y», and the general solution will have the
form

y = c1y1(x) + caya(x).

Suppose we happen to know one solution y;(x). Reduction of order
is a method for finding a second linearly independent solution y»(x)
that starts with the assumption that

Ya(x) = u(x)y1(x)

for some function u(x). The method involves finding the function w.
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Example

solution y» of the form

Verify that y; = e ¥ is a solution of y” — y = 0. Then find a second

y2(x) = u(x)y1(x) = e *u(x).
Confirm that the pair y1, y» is linearly independent.
F\'\é \31\ Mé \07‘”

PR

'y

0 ¥
e W -e u)

=X | =¥
94, * g oo - éy Wl - Lo re ux)

> BV -X
:cx ) “2¢ W+ e Lk
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