September 21 Math 2306 sec 51 Fall 2015

Section 4.2 Reduction of Order

Recall that a second order, homogeneous, linear equation in standard
form looks like

Any fundamental solution set will necessarily consist of two (y4, y2)
linearly independent solutions.

Herein, we will assume that one such solution y4(x) is known. We
seek the second in the form

Yo(x) = u(x)y1(x)

for some function u(x).
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Generalization

Consider the equation in standard form with one known solution.
Determine a second linearly independent solution.

a2y dy .
W+P(X)a+o(x)y_oy }’1(X)__'S known.

We started this by setting y» = uyy and found the derivatives
Yo = U'y1+uy]

vz = u'yi+2u'yi+uyf

‘ﬂz” + Poo ‘93' + Qv 9, =0
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Reduction of Order Formula

For the second order, homogeneous equation in standard form
y'+P(x)y'+ Q(x)y =0

with one known solution y4, a second linearly independent solution y»

is given by
( )/efP(x)dxd
= X X
S B (1 F9)2
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Example
Find the general solution of the ODE given one known solution

X?y" —3xy' +4y =0, y1=x> tau X>0

S"'méc/& ('\bf"" \g“—%(l;-fﬂx?;‘azo
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- feoa dx b3

e . e = X
- {Poadx 3 s S X Ix
Wo* S L e

September 18, 2015 10/50



tgL(x) = U(y)(g‘(,q = X‘L-Q“%

The %u\wﬂl So\ehon v W ODLE  if

(9: C‘\9|f(,1\01 3 \9: C\X‘L* C-.,Xl —ob\)(

September 18, 2015

11/50



Py o Side mo¥e | Qs c el Yi,92 &F

O neesl wn Spnetat

48

X Xt Dy

W (Y, Y. )00z

2% 2xfwx &+ X

W (2 dnx %) - 2x (¥ 9x )

()

T 23 dwx -r\(? - 230y z )(3 +0

Thy an D\ indepen derte,

September 18, 2015 12/50



Example
Find the solution of the IVP where one solution of the ODE is given.
Y'+4y'+4y=0 y1=e2, y(0)=1, y(0)=-2

Gg\- \,31 \)S\V\} Pf/él/\ck‘b\., Op OI‘AJ/\,‘
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Section 4.3: Homogeneous Equations with Constant

Coefficients

We consider a second order, linear, homogeneous equation with
constant coefficients

d?y  dy

Question: What sort of function y could be expected to satisfy

y" = constant x y’ 4 constant x y?
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We look for solutions of the form y = e™ with m
constant.
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Auxiliary a.k.a. Characteristic Equation

am®*+bm+c=0

There are three cases:
| b? — 4ac > 0 and there are two distinct real roots my # my

Il b2 — 4ac = 0 and there is one repeated real root my = mp, = m
Il b? — 4ac < 0 and there are two roots that are complex conjugates

my 2 :Oé:i:iﬁ
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Case I: Two distinct real roots

ay’ +by' +cy =0, where b?—4ac>0

—b+ Vb2 —4ac
y =c1e™M* 4+ ce™* where myp = 2

Show that y; = e™* and y» = €™ are linearly independent.

M, X M, X
e e M V\LY, MY ML)(
\'\'(‘o.,‘jl)()‘)'- iy e | e (m,e Y-m, e (e >
M, e M, e
(MI"’MZ)Y (v\.f‘ﬁ-.')\( (M, +"M2) %
= Mee -m e = (my-m\Ye +0

Becast. ™MyEM, it M-t F 0
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Example
Find the general solution of the ODE
y// _ 2y/ _ 2 — 0
C\ercc,\(u}s\’(\i QSUQ\'\o\,\ . mt-2m=-22=0
Qoo\’( B

M = 2o | =2t

(M-\\_l =3 2 m- :'LE

D me \j_ﬁ 9 dvwnel ook
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