September 23 Math 2306 sec 54 Fall 2015

Section 4.3: Homogeneous Equations with Constant Coefficients

We are considering a second order, linear, homogeneous equation
with constant coefficients
d?y  dy
aﬁ + b— o
Auxiliary a.k.a. Characteristic Equation

+cy =0.

am®*+bm+c=0

The three cases to consider are (i) two distict real roots, (i) one
repeated real root, and (iii) a pair of complex conjugate roots.
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Case I: Two distinct real roots

ay’ +by +cy=0, where b?>—4ac>0

—b+Vb? —4ac m —b—Vb? —4ac
1= ) 2 —
2a 2a

A fundamental solution set is

my X

y1 =emx, yo = e™X,

And the general solution is

y = c1e™* + coe™*,
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Example
Find the general solution of the ODE

y// _ 2y, _ 23: 0

m? -2m-23=0

Cha“c,\-.,. b u;qo&f on

mi-2m+1-1-2=0

(m-1)-2=0 = Q""\\I =3

m-|= tﬁ = M:\i—ﬁ
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D
(\+r33)< (-T9x
] e ﬂv\é (g‘L-' C
ﬁ;ﬂww 1S
(1+52)x (1-R3)x
W= ¢ e + C e
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Example
Solve the IVP

y// +y/ _ 12}: 0’ y(o) — ‘I7 y/(o) — 10

Chan\d-u‘.s*\c eﬂJD\'\'t@V\ . M"-\— m-12 =0
(M+\(\(M-’53 =0

““:‘k{ or N\;-‘S

[}

=Yy 3x
So Y, € and 4,2 C
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Tk{ L‘aev\g& ) \"J\'.‘O\A %‘0 '\'v\ Fbg 1X¢

YUy 3x
W=Ce + (e

Ppe\y \3(03——'\, } Y (n=10

-4 3
G':dee < 3ae

[}

° = =
‘-J_(o);C,e + (, @ "\ = G+ C, \

Y= -4 o +3Ge =10 = 1o T3G s 10
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Case Il: One repeated real root

ay’ +by +cy=0, where b?>—4ac=0

y =c1e™ + coxe™ where m= ;—a

Use reduction of order to show that if y; = e_TZX, then y» = xeza .

S*‘O\«Aer‘a ‘cb“"\ \3"+ %b‘-& %kg;o

Y
Pl « _b& , '&Pméx : ’g%éx - =X
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So
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Example

Solve the ODE

4y// _

Choredkens). ¢ Egqn:

ﬂf\é

4y'+y =0
L{MI—qM+ ‘ = 0

(zm-1) = 0

_ )
Am-1z0 =2 M=

~\—

x
92" *€
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Example
Solve the IVP

y'+6y +9y =0, y(0)=4, y(0)=0

Chagackerishic Eqn ¢ W+ ban 9:=0

'3)( -2)‘
(j\()(): e a,..é \?7()(3'_ Xe
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The geand Golirien b A ODE 0s

-3x -3x
té'- C e + G X €e

Aprly  Hlo= 9 y'w =0

-3
-3x - 3% x
ga‘ . o3¢, e« C,e —dxeé

o o _
\@(o)ﬁC\e t C,0€ =4 = =M
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| ° °
‘3(03"3(‘1\3 t czeo-’ic,-Oe =0

“R+¢y 0 2 C,=\2

Lo WP \sﬁ

-3 -3x
= Y e,x-f Rx e

I
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Case lll: Complex conjugate roots

ay’ +by' +cy =0, where b?>—4ac<0

y = €**(cq cos(Bx) + c2sin(Bx)), where the roots

, —-b Vdac — b?
m=a=+ip, =5 and B_T

The solutions can be written as

Y1 — e(aJri,B)X _ eaxeiﬁx, and Y2 _ e(afiﬁ)x _ eaxefiﬁx'
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Deriving the solutions Case Il

Recall Euler's Formula:

e = cosf +isinf

(d-H:F)X y dy

“3‘ T e . edx ePX : e (COS (ng)féS'm((Zxﬁx
(at-cf) x dx  -C ax

9, ¢ c e,x e e (Cos(rsx\ - ¢ S-»(p\)

(».\e‘\\ 0% "l\g er'.v\(‘PL 0(— g\,ekr PD{\\‘IO\«
oo Qlanak W onplex  shuEl
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T Gl c i oD

o . o X
szlx) : cx Cos(‘m - € §‘m((3x\

SFy00° L (Yo m\

- ol
= L (ZCXQJ(FXBB = exC*”(F")
y, 00 -th: (Y - H’zm)
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(2( e S\H(ﬁ()) : e’" S (FX)

S\ o ‘CVAJOWKQ’CQ" ColeAion Sk

AX

(9\()() < Co;((b() ) ng(x\'— e SM(‘;X)
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