September 25 Math 2306 sec 51 Fall 2015

Section 4.3: Homogeneous Equations with Constant Coefficients

We are considering a second order, linear, homogeneous equation
with constant coefficients
d?y  dy
aﬁ + b— o
Auxiliary a.k.a. Characteristic Equation

+cy =0.

am®*+bm+c=0

The three cases to consider are (i) two distict real roots, (i) one
repeated real root, and (iii) a pair of complex conjugate roots.
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Case I: Two distinct real roots

ay’ +by +cy=0, where b?>—4ac>0

—b+Vb? —4ac m —b—Vb? —4ac
1= ) 2 —
2a 2a

A fundamental solution set is

my X

y1 =emx, yo = e™X,

And the general solution is

y = c1e™* + coe™*,
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Case Il: One repeated real root

ay’ +by' +cy =0, where b?>—4ac=0

m = Mm = m= —b
P
A fundamental solution set is
yi=e™,  y»=xe™.

And the general solution is

y = c1€™ + coxe™.
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Case lll: Complex conjugate roots

ay’ +by' +cy =0, where b?>—4ac<0

y = €**(cq cos(Bx) + c2sin(Bx)), where the roots

, —-b Vdac — b?
m=a=+ip, =5 and B_T

The solutions can be written as

Y1 — e(aJri,B)X _ eaxeiﬁx, and Y2 _ e(afiﬁ)x _ eaxefiﬁx'
Princpte oF Supe position

September 23, 2015

4/58



Deriving the solutions Case Il

Recall Euler's Formula:

e = cosf +isinf

CE AN T Ay )

‘3‘ n: e * : e - ePy = e (Gs ((Zx) t0 3""‘((‘9\
(et - (RIX olx —LP‘ o i

Y. 0% e A e € = e (Cos (@) SR (FX)B

L(. : gx&i(ax + Lé’xgm{zy

dx A
= e Gupx -t e Sfx
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- Q- lz'(k(. +k&.\:%(2:x&s{3x>

AxX

(9\ T e Co:‘?x

| ax )
\37_ = -2\—( (k‘J\ - k‘)l.\ =20 (2"6 S\v\(?)(
AX
9,7 € S
Ss &(LbhéOMv\"O)* So\rion S \¢

4
Gdy Co)FX N e)o Sin px
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Bad e e Slien S

N A x _
W< Ce Co){?X t G e Sa [
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Example

Solve the ODE )
a=x ax
Chared ener.C Eqn : m' +Um+ b = O

N\z-l'q-v\J-H-q +Q =0

2
MmiYn M t2 20 5 (MH) +2=0

a .
(N-P‘L):"l D Mm+L: 23z v

M:-2 £17 ¢
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A:-2  and GE

] .
X o i E) Kt e sul(@t)

TN %GV\U‘J‘ So\v./\ton I

g44 -t
Wi Ce Cslz6)+ Ge Sm(F2 £)
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Example
Solve the IVP

}/"+4y:0,

Chaceclenshic Ec%n :

ox _
V€ Cos 2X :COJZX-) Ub-,,’*@%MZ)( -

y(0)=3, y'(0)=-5
'rY4=0
M -4
Mutzl..; z o’f’.)o
p=*
., g'll\z)(
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Tl\d a\)(v\jaajl gs\w'\'lc\-\ '\g

w= C Cof i t G S Ux

\ - -
‘M‘Dos(_, e Cwé\\'\um.v lg(g)-_ 2) kj(o)- 5

‘g| < '2_(,.%*1\1)( + ?C-L CoJ‘).X

Yoy G Gs0+ S0 =3 2 =73

kal(ﬁ)_‘ '2C\S'W\O '1"261 Cu(o z ‘S
S
G- S = &F =2
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The  So\row '\"b "k‘ \\JP s

W= G 2x - S{waZX
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Higer Order Linear Constant Coefficient ODEs

» The same approach applies. For an n' order equation, we obtain
an n" degree polynomial.

» Complex roots must appear in conjugate pairs (due to real
coefficients) giving a pair of solutions e** cos(fx) and e** sin(5x).

» If a root mis repeated k times, we get k linearly independent
solutions

e™,  xe™, x2e™, ..., xkleg™

Y )

or in conjugate pairs cases 2k solutions
e** cos(Bx), e sin(Bx), xe“*cos(Bx), xe**sin(Bx),...,

xk=1e™ cos(px), xK~1e** sin(fx)

» It may require a computer algebra system to find the roots for a
high degree polynomial.
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Example

L)
Solve the ODE Tie s 37 40

y///_4y/ =0 Con S ¥ g Ceeu'\citv\\ .

Q'N\Lar‘ ,\/\"“3?"30‘—‘

ar )

Cheraghrenskc  Egn:

M3_\J(q,\ =0 = M(MZ‘L"):O

m(m-2)(m¥2) =0
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MX (33 MX

(TN:"UC& g‘\.«(\'\é»\ (B
X - x

2
\Q:C.(\3+Cze + Cye

x -2x
\31 C\"‘Cz@ +C"5€
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Example
Solve the ODE

Y'-3y"+8y'-y =0 Chaedkersiic Egqn:

M3—3M1+3M'\ =0

(M'DB:O \
mz\ s a -\-r‘.':\'; e

mx )c

Se ‘3.‘-6 e
‘L X

X
VJ?."X‘Q\ - Xe el \9":)(\9‘ "X e
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The %cu.rv‘l SolwAion NS

(3: Ce +(,xe +CXx¢
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