September 25 Math 2306 sec 54 Fall 2015

Section 4.3: Homogeneous Equations with Constant Coefficients

We are considering a second order, linear, homogeneous equation
with constant coefficients
d?y  dy
aﬁ + b— o
Auxiliary a.k.a. Characteristic Equation

+cy =0.

am®*+bm+c=0

The three cases to consider are (i) two distict real roots, (i) one
repeated real root, and (iii) a pair of complex conjugate roots.
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Case I: Two distinct real roots

ay’ +by +cy=0, where b?>—4ac>0

—b+Vb? —4ac m —b—Vb? —4ac
1= ) 2 —
2a 2a

A fundamental solution set is

my X

y1 =emx, yo = e™X,

And the general solution is

y = c1e™* + coe™*,
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Case Il: One repeated real root

ay’ +by' +cy =0, where b?>—4ac=0

m = Mm = m= —b
P
A fundamental solution set is
yi=e™,  y»=xe™.

And the general solution is

y = c1€™ + coxe™.
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Case lll: Complex conjugate roots

ay’ +by' +cy =0, where b?>—4ac<0

, —b Vdac — b?
m172—a:i:1ﬂ, Whel’e O[—?a, /B—T
A fundamental solution set is
y1 = e**cos(Bx), Yo = €™ sin(Bx).

And the general solution is
y = c1e** cos(Bx) + coe* sin(Sx).
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Example

Solve the ODE Fox "
W+4E+6XZO
Chacackershnt Eqn: M +Un+b =0
(m* 4 M-Y) + ( =0
(M+2)1+7. =0
(M) -2
Mt-ZtFZ(., & m+z:tEL

472 oad \z:F—
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Example
Solve the IVP
y'+4y=0, y(0)=3, y'(0)=-5
Choceckernshe  Egn ¢
oareeten i M7_+ k,\ -0

mz-d 3 Mty

m: 0% 4:0 ?17‘

ox
Y, é)xCoS (2x) 7 Cos2x ) PR Sn(me) = S lx
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The qenee Sildnon 6

Y=C Gsx + G S\ 2x

‘\/\.\ \'\ A G A\\\" w S
-S

\m‘)o& -\\\._
(o= 3 \Q'Lk\s B

g's 20 G+ 26 Corlx

Y(= ¢ Cos 0« CASW0 = 3D =3 y

= - - Cy: =
4 = 26,0 2660 S 2 S, TR
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T»\A— S*‘wx""“‘ x—é -\\A \\]P i$

S
b= QB Coslx = % S x

September 23, 2015 9/55



Higer Order Linear Constant Coefficient ODEs

» The same approach applies. For an n' order equation, we obtain
an n" degree polynomial.

» Complex roots must appear in conjugate pairs (due to real
coefficients) giving a pair of solutions e** cos(fx) and e** sin(5x).

» If a root mis repeated k times, we get k linearly independent
solutions

e™,  xe™, x2e™, ..., xkleg™

Y )

or in conjugate pairs cases 2k solutions
e** cos(Bx), e sin(Bx), xe“*cos(Bx), xe**sin(Bx),...,

xk=1e™ cos(px), xK~1e** sin(fx)

» It may require a computer algebra system to find the roots for a
high degree polynomial.
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Example

Solve the ODE Charaghensh ¢ Ecl" .
" /
y'—-4y' =0 o .0
M - Hme=
M(Mz—““s =0
m (-2 ) (m+2) =0
-2
. M
‘V\\- (o) ) N\Z 2’1 3
0y x -tx

gre -] 4oe s T e
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Example
Solve the ODE
y"=8y"+3y'~y =0
Charackensh . Eqa:

M- Dms + O -1 =0

)
(a-2) =0
Qa '\"P\t rOO\',

A
(g‘-_ e , %Z;X\O‘:X@ , VA;\:XUJZ. =X e
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The %lmJ col\tkion 1€

X 2 X
cx ¢ Cx € t Gy e

\3—. G,
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